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ABSTRACT

Geothermal heat exchangers, has become one of the highly recognized non conven
tional heat exchangers as they utilize renewable energy source earth to initiate the thermal
energy transfer. However, these heat exchangers suffer from a expensive installation cost
due to their conservative design model, thereby facilitating the need to identify and improve
the design. In this dissertation, three gaps, which identifies improvement over conservative
design were investigated, to assess the heat exchanger performance. In the first approach,
borehole thermal and geometrical properties were investigated keeping the outlet leg of the
heat exchanger as adiabatic, which neglects the thermal short-circuiting between the pipes.
The results indicated that increasing the thermal mass of the borehole 5 times to that of the
conventional properties and placing the pipes as close to the centre of the borehole improved
the heat exchanger performance by 42%. In the second approach, these modified properties
were compared with the conventional properties by allowing the thermal short-circuiting
between the pipes. The results indicated that energy losses were up to 35% for conventional
properties and 45% for the modified properties. Hence, thermal solutions such as placing
an inverse L-shaped barrier close to the outlet pipe were offered which not only improved
the thermal performance by 50% but also reduced the thermal losses by 20%. In the third
approach, the thermal exchange between the borehole and the ground were investigated
treating the ground as a porous medium. The results indicated that, absent ground water
flow, the impact of adiabatic ground surface, where the borehole first meets the ground, was
significant when compared against the similarity solutions. The presence of groundwater
flow caused by hydraulic gradients produces mixed convection and the dimensionless group,
Li,/D ^JPeD/R aL is shown to capture the mixed convection domain between the natural and
forced convection limits. The values of the dimensionless group are in the order one range,
corresponding to the transition between the limiting behaviors.
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1. INTRODUCTION

Heat exchangers are devices that transfer heat between two or more fluids or between
a solid and a fluid which are at different temperatures. Conventional heat exchangers, most
often fluid-fluid heat exchangers, have hot and cold fluids in thermal contact with each
other and are classified according to the flow arrangement and type of construction. Some
examples are concentric tube heat exchangers, cross-flow heat exchangers and shell-andtube heat exchangers. Less well-known forms include geothermal heat exchangers, which
work on the principle of heat transfer between a fluid and a solid at different temperatures
in thermal contact. Geothermal heat exchangers utilize the ground as either a heat source or
sink and have been applied to space heating and air-conditioning, waste heat recovery, power
stations, petroleum refineries and chemical processing such as sterilizing, pasteurizing, etc.
In recent years, geothermal heat exchangers (GHE), have come into widespread use
around the world. Using the earth as a medium to transfer heat to or from the circulating
fluid provides a renewable thermal energy source or sink for heat pump heating or cooling,
respectively. Since outside air temperatures often undergo large changes with respect to the
season, winter or summer, stable ground temperatures provide a significant advantage for
systems which would otherwise exchange heat with outdoor air. During summer, heat is
extracted from the indoor space via heat pump and transferred to the ground by pumping
a transport fluid into the borehole heat exchanger. During winter, a heat pump extracts
thermal energy from the ground and transfers it to the indoors.
These earth-coupled systems have been gaining popularity since the early 1980’s in
the United States. The Electric Power Research Institute estimates that 25,000 geothermal
pumps are installed every year and have captured 15% of the heat pump market [Lund, 1989].
Current estimates suggest that this rate will increase to 56,000 per year supplying 38000
billion Btu/yr [Lund, 1989]. At present there are 600,000 geothermal units installed in the
U.S. and according to U.S. Department of Energy, the annual energy savings is predicted
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to be around 25,000 GWh. One such example is on the Missouri S&T, campus (Rolla,
MO). After installing geothermal-based heat pump systems, the campus has cut its energy
usage by 57%. Canada, a country known for extreme weather conditions has increased
its geothermal heat pump growth by 50% and is predicted to expand further according to
the Executive Director of the Canadian Ground-Source Heat Pump Association [Lund and
Boyd, 2016]. The widespread use of low-temperature geothermal heat pump systems is
widely considered to be limited by the high installation cost of the borehole or ground heat
exchanger. More accurate performance estimation methods therefore have the potential to
unlock for greater energy savings. With an average home in Midwest consuming 25kwh
per day, these savings provide enough to power more than two million homes for a year
[Administration, 2014, Lund, 2003].

3
2. LITERATURE REVIEW

Geothermal heat exchange systems can be classified into closed loop and open loop
systems.

Open loop systems take advantage of open wells or surface body water that

circulates through the geothermal systems. However, such systems can suffer from several
significant limitations such as adequate supply of clean water, contamination of pipes and
the need to abide by local codes regarding groundwater. Closed systems include horizontal
pipe systems and vertical pipe systems installed in the ground. Horizontal pipe systems are
buried in trenches from 4 to 6 feet deep and are commonly used for residential purposes
where sufficient land is available. However, these systems suffer from fluctuating ground
temperatures since solar radiation affects the ground temperature to a depth of 30 feet [Lund
and Boyd, 2016]. Vertical pipe systems or U-tube systems are often used for commercial or
industrial purposes and utilize boreholes which are often drilled from 100 to 400 feet deep.
In recent years, U-tube borehole systems, shown in Figure 2.1, have gained in
importance due to development of reliable installation methods and low maintenance cost.
The major limitation of the system is the large installation cost, that is, the first cost.
Construction begins with drilling a borehole (3 to 6 inches in diameter) 100 to 400 feet
deep, placing the U-bent pipes (sizes vary between 1 to 2 inches in diameter) and filling the

Figure 2.1. Schematic of GHE

4
empty space (borehole) with grout, which serves as an encapsulation between the pipes and
the ground. Heat exchange with the ground is initiated when the transport fluid circulates
through the U-tubes via heat pump.
Having sponsored a significant amount of initial research into ground-source heat
pumps and ground heat exchangers, ASHRAE [2015] design methodologies have seen
extensive use across the United States. Although these design methods have proven to be
capable of producing workable designs, the very high first cost (due almost entirely to the
costs of the vertical borehole) provides strong incentive to improve model accuracy and
therefore reduce the unnecessary expense of system overdesign. Improved understanding
of the ground heat exchange processes is the key to more cost-effective design and to more
widespread adoption of the technology.
The foundation of the ASHRAE design method for vertical boreholes with groundsource is the assumption that the heat exchange between the circulated fluid and the ground
is a quasi-steady heat transfer through the borehole material and unsteady conduction
in the ground. Thermal short-circuiting or pipe-to-pipe resistance due to the temperature
difference between inlet and outlet pipe is generally presumed to be negligible. Groundwater
flow either imposed by external hydraulic gradients or due to motion driven by the heat
transfer itself is poorly quantified and is also typically neglected. Neglect of groundwater
flow is generally rationalized as corresponding to a conservative design.
Treating the in-ground heat transfer as transient but strictly by conduction, and
treating the borehole conduction as quasi-steady, Carslaw and Jaeger [1947] provided
transient solutions in the ground for a cylinder (borehole/grout) buried in the earth. Ingersoll
etal. [1954] identified this analytical solution as an appropriate method for sizing borehole
heat exchangers and remains the foundation for current design methods. Numerous authors
have also assumed the borehole thermal transfer to be quasi-steady and provided resistance
correlations [Hellstrom, 1991, Lamarche et al., 2010, Liao et al., 2012, Paul, 1996, Zeng
et al., 2003].

The short time response of the borehole has received relatively limited
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attention, however, despite the recognized significance of the borehole thermal mass. The
most common approach adopted has been to model two-pipe geometry as a centered-single
pipe geometry [Lamarche and Beauchamp, 2007]. In the first portion of this thesis, the
effects of the true borehole geometry and relevance of quasi-steady behavior is examined.
Since the outlet leg of the U-tube behaves as a heat sink and the heat source is in close
proximity, there exists a thermal short-circuiting between the pipes of the U-tube design
which has been estimated to be between 4% and 6% [Kavanaugh, 1985]. This estimate was
based on a summation of convective resistance of the fluid, pipe-to-wall resistance and the
pipe-to-pipe resistance approximated under steady-state conditions. However, the ground
resistance calculated for a typical heat transfer per unit length (q' = 3 W /m ) and temperature
difference (AT = 10 K) is approximately 3 m-K/W . A pipe-to-pipe resistance calculated
for typical pipe diameters and spacing, using simple shape factor correlations, indicates
a resistance of about 0.5 m-K/W . Recognizing that these two heat transfer paths form
nominally parallel routes, Kavanaugh's estimate is likely much too small. The potential is
that the short-circuit behavior could be much more significant than often presumed. In fact,
several authors suggested delta circuit or four-resistance models to adequately model the
pipe-to-pipe resistance for steady-state borehole [Eskilson and Claesson, 1988, Lamarche
et al., 2010, Liao et al., 2012]. Both these models suggest maximizing the pipe spacing
within the borehole is beneficial.

In the second main portion of this dissertation, the

short-circuit behavior is investigated by examining multi-dimensional transient solutions.
Finally, the ASHRAE design method is based on ground heat transfer presume to
be strictly by conduction. However, the ground is inherently porous and there is generally
a ground water flow due to hydraulic gradients [Freeze and Cherry, 1979]. The impact
of groundwater flow in the ground normal to the cylinder axis was investigated by Diao
et al. [2004]. They concluded that the heat transfer does depend on the imposed hydraulic
gradients and that taking the ground transfer to be pure conduction underestimates the
heat transfer. This recognition also raises the question of the effect of natural convection
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arising from the density variations due to temperature difference between the ground and
the borehole. Similarity solutions for free convection are available for a heated vertical
plate embedded in a porous media are applicable only for a certain range of soil parameters
[Minkowycz and Cheng, 1977]. At typical GHE lengths of 100 m and temperature difference
of AT = 10K, the length-averaged ground resistance is estimated to be 0.03 mK/W . This is a
difference of two orders of magnitude relative to that of diffusion-limited ground resistance.
The heat transfer via natural convection could therefore be very significant.

Since the

boundary layer solution is valid only for high Rayleigh numbers, the true significance of
natural convection is unclear for a wide range of soil parameters. Thus, in the last section of
this dissertation the heat transfer characteristics of GHE for a wide range of soil parameters
is investigated. Heat transfer correlations over a physically relevant range of parameters are
derived and the comparison to conduction only is evaluated.
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PAPER

I. THE CRUCIAL ROLE OF BOREHOLE THERMAL MASS IN GEOTHERMAL
HEAT EXCHANGERS

Ganesh Ravi Shanker & Kelly O. Homan
Department of Mechanical & Aerospace Engineering
Missouri University of Science and Technology
Rolla, Missouri 65409-0050
Tel: 573-341-6622, Fax: 573-341-4115
Email: khoman@mst.edu

ABSTRACT

Geo-thermal heat exchangers (GHE) have become one of the potential sources for
heating and cooling the buildings as it utilizes the renewable energy source, earth as a
heat source or sink. Owing to its importance, several investigations, both analytical and
numerical has been done to predict the thermal response of these systems.

Several of

the proposed solutions treated borehole to be in steady-state with the uncoupled ground.
However, some recent studies investigated the short time borehole transients but simplified
the true two-pipe geometry to a centered single-pipe. In this paper, the unsteady behavior
of borehole coupled with ground for the true two-pipe is considered and the effect of
thermal mass of the borehole and shankspace, was investigated. It was found that, during
the short-time transients, the analytical models for centered single-pipe geometry do not
accurately represent the thermal mass effect of the two-pipe configuration. For instance,
the time at which the 1% isotherm reaches the borehole surface, referred to as borehole
dominant period, is delayed by 80% for the two-pipe geometry with pipes placed at half
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the radius of the borehole compared to the centered single-pipe. Calculating the thermal
energy transfer for centered single-pipe in this borehole dominant period is five times to that
of the two-pipe geometry. The results also indicated that increasing the thermal mass of the
borehole five times to that of the ground and moving the pipes close to the centre increased
the thermal energy transfer in the borehole dominant period to almost fifteen times to that
of the conventional properties. Therefore, thermal mass of the borehole and pipe placement
could be considered as important parameters worth considering while designing the GHE
systems.
Keywords: Geo-thermal heat exchanger, short time response, long time response, transient
response, two-pipe geometry, borehole

1. INTRODUCTION

Heat exchangers are devices widely used to transfer heat between fluids or between
fluids and solids. In the most common configurations, heat exchangers provide a fluid-tofluid thermal energy transfer and are generally designed for steady-state operation. Unsteady
behavior is intermittent and typically due to variations in flow rates or inlet temperatures
caused by broader system transients. In contrast, geothermal heat exchangers, which have
come into widespread use around the world as a means to transfer energy to or from
relatively stable ground temperatures, rely on fluid-ground thermal energy transfer and are
intrinsically unsteady due to the accumulation or depletion of thermal energy in the ground.
Geothermal heat exchangers (GHE) are seeing increasingly widespread use for space
heating and air-conditioning systems as well as for waste heat recovery systems, power sta
tions, petroleum refineries and chemical processing industries [Hu et al., 2020, Pan et al.,
2019, Renaud et al., 2019, Sarbu and Sebarchievici, 2014, Xu et al., 2019]. The groundcontact heat exchangers are generally configured as horizontal pipe or vertical pipe systems,
depending upon the available ground surface area. Horizontal pipe systems consist of pipes
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buried in trenches upto several meters below the ground surface. The horizontal design is
commonly used for residential applications since installation is relatively straightforward
and adequate surface area is often available, although at this depth, ground temperatures
are impacted by seasonal variations in solar radiation [Lund and Boyd, 2016]. Vertical
pipe systems, on the other hand, can be readily scaled to commercial or industrial-level
applications and require only limited surface area. These vertical pipe systems generally
consist of multiple boreholes drilled from tens to hundreds of meters deep. Current con
struction practice for these downhole heat exchangers is to drill a vertical borehole, insert a
U-bended connected supply and then fill the remaining borehole space with grout material.
The grout serves to encapsulate the two legs of the U-tube and potentially aids the thermal
transfer to the ground. Accurate performance prediction of this system is critical, however,
as overdesign quickly ruins economic viability and underdesign leads to unsatisfactory sys
tem performance. With installation costs at approximately one-third to one-half of the total
system cost [Self et al., 2013, Spitler, 2000], appropriate characterization of the ground heat
exchanger thermal behavior is critical, both for improved design and for greater utilization
of these systems and their attendant energy savings.
In order to facilitate a reasonably straightforward design process, analysis of vertical
borehole heat exchangers has largely focused on the simplified geometry of a centered
single-pipe, embedded in a multi-layer system of borehole grout and semi-infinite ground.
The heat transfer mode in both the grout and the soil is presumed to be conduction, with
the borehole grout treated as quasi-steady and the ground conduction as unsteady. As
such, the overall heat transfer coefficient is time dependent, but due only to the ground
transient. However, this simplified view introduces numerous approximations which have
not been well characterized. Specifically, these simplifications ignore the thermal mass of
the borehole grout, the thermal energy transfer between the supply and return fluids, and
the asymmetric impact of the two distinct pipes on the borehole and ground heat transfer
processes.
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One focus of much early work was characterization of the quasi-steady resistance of
the borehole material. Kavanaugh and Allan [1999] recognized that enhancements in the
thermal conductivity of the grout material would provide thermal advantage as the quasi
steady resistance of the borehole is inversely proportional to the grout conductivity. Paul
[1996] provided shape factor correlations for the two-pipe configuration, while Hellstrom
[1991] used a line-source approximation to compute resistances in a delta-circuit model.
This delta-circuit model includes a short-circuit resistance between the two pipes and
individual resistances between the respective pipes and the borehole surface. Zeng et al.
[2002], also used a line-source analysis to deduce that double U-tubes provide better thermal
performance than the more common two-pipe, single U-tube, configuration. Since a non
uniform temperature distribution at the borehole surface can lead to negative short-circuit
resistance between the two pipes, a four-resistance model has also been proposed [Lamarche
et al., 2010, Liao et al., 2012]. This model identifies a thermal resistance between the two
pipes, resistances between each pipe surface and the adjacent perimeter of the equally
divided borehole surface, and a resistance between the two divided borehole surfaces.
Recently, Javed and Spitler [2016] conducted an extensive parametric study and showed
that a tenth-order multi-pole method more accurately quantifies the quasi-steady borehole
thermal resistances than the four-resistance model.
The other essential component of the thermal exchange model is the ground con
duction transient. This transient has generally been treated by one of several long-standing
semi-infinite solutions. Ingersoll and Plass [1948] modeled the borehole geometry as a line
source or sink of infinite length surrounded by an infinite homogeneous medium. Carslaw
and Jaeger [1947] provided a solution to conductive heat transfer from a cylinder buried
in the ground, a solution later recommended by Ingersoll et al. [1954] as a suitable means
for sizing ground heat exchangers. In fact this solution remains a component of the design
process recommended by ASHRAE [2015] for these heat exchangers. Eskilson and Claesson [1988] developed analytical solutions for single and multiple U-tube configurations
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using superposition techniques, applicable to suitably large thermal penetration depths,
which they termed long time-step g-functions. Cimmino and Bernier [2014] extended
the Eskilson model to study the thermal response of two interacting boreholes of uniform
temperature and unequal length with a piece-wise constant heat flux profile assumption.
Lamarche [2017] treated the same geometry and boundary condition same as [Cimmino
and Bernier, 2014], but analyzed the thermal response of borehole fields with piece-wise
linear heat flux distribution.
Although the ground response is generally viewed as the primary source of the
time-dependent behavior, the role of the borehole transients is also widely recognized.
Several authors have taken the approach of simplifying the two-pipe geometry to a centered
single-pipe geometry of equivalent pipe radius, to then account for the borehole thermal
mass [Javed and Claesson, 2011, Lamarche, 2015, Sutton et al., 2002, Xu and Spitler,
2006]. Sutton et al. [2002] extended the buried electrical cable model, derived by Carslaw
and Jaeger [1947], which presumes the cable to be a perfect conductor. This corresponds to
a thermal mass characterized by a single uniform temperature. Lamarche [2015] accounted
for fluid thermal mass and presented analytical solutions using Laplace transforms. He
concluded that, although different choices for equivalent radius were proposed by several
authors, the choosing of equivalent radius from the value of the borehole resistance over
choosing the equivalent radius by changing the equivalent grout conductivity seems a better
choice. Young [2001] further extended the buried cable model to account for pipe spacing
relative to the borehole center, known as shank-spacing, by introducing a grout allocation
factor. This factor relegated a fraction of the grout from the outside borehole thermal
resistance (sheath) to the inside borehole thermal resistance (core). The grout allocation
factor had to be calibrated to individual cases. More recently, Lamarche and Beauchamp
[2007] provided analytical solutions of the time-dependent borehole temperature for a
centered single-pipe geometry, accounting for the thermal coupling between the borehole
grout and the ground. Analytical solutions for a constant heat flux and for a convective
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boundary condition at the pipe surface were presented. Yavuzturk and D.Spitler [1999]
developed a transient two-dimensional numerical model on a polar grid to predict the
short time response of the borehole. The pipe surfaces were conformed to the polar grid,
with an imposed heat flux. The model was used to compute short time-step g-functions
to complement the longer time g-functions of Eskilson and Claesson [1988]. Since the
cylindrical pipe geometry was not preserved, variations with borehole diameter are not
accurately captured, as noted by Young [2001]. A summary of several studies on vertical
heat exchangers was documented by Spitler and Bernier [2016].
The main objective of this paper is to understand the effect of borehole thermal
mass in the true geometry of the multi-layer system. This is done so by treating the outlet
leg to be thermally inactive in order to separate the effect of short-circuit between the legs.
In addition, considering reasonable parameter choices, the effect of shank-space on the
thermal performance will also be investigated. In this paper, the time varying conductance
will be used to quantify the thermal performance of these systems. Comparisons between
the simplified centered single-pipe and true geometry will be made and any deviation in
thermal performance will be quantified. More importantly, proper design parameters that
will enhance the thermal performance will also be established.

2. PROBLEM FORMULATION

The schematic of a vertical borehole heat exchanger is shown in Figure 1 with
the inlet and the outlet pipe system for the fluid is represented using the arrows pointing
inward and outward respectively. Using the earth as a medium to transfer heat to or from
the circulating fluid, provides a renewable energy source. Since outside air temperatures
often undergo extreme changes with respect to the season, winter or summer, stable ground
temperatures provide significant advantage for systems which would otherwise exchange
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Figure 1. Schematic of the vertical heat exchanger

Figure 2. Geometries used in this paper

heat with outdoor air. During summer, heat is extracted from indoors and transferred to
the ground by pumping the fluid into the heat exchanger and during winter heat is extracted
from the ground and transferred to the indoors via circulating fluid.
The two-pipe geometry, each pipe with a shankspace s from the centre is shown in
Figure 2(a). As part of the simplified analyses, the actual two-pipe configuration is often
treated as a single-pipe or centered-single pipe borehole geometry, which is illustrated in
Figure 2(b). In each of these first two figures, the dotted lines represent the computational
boundary, located at a suitable distance from the borehole and in the ground domain.
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For the centered-single pipe geometry, the pipe and the computational domain are treated
as isothermal surfaces. However, for the two pipe geometry, the present analysis treats
one pipe as a constant temperature (isothermal) boundary condition and the other as an
adiabatic boundary. The choice of an adiabatic boundary condition for the outlet leg is
made, to separate the effect of any short-circuit heat transfer between the pipes. In reality,
the thermal load varies on an hourly basis and the temperature at the pipes may not be
constant with time[Yavuzturk and D.Spitler, 1999]. However, this aspect is not considered
in this work. In all of the present simulations, the inlet pipe acts as the sole heat source.
This corresponds to the cooling mode of the heat exchanger, as experienced during summer
operation. The heat transfer mechanism in both borehole and ground is considered to be
strictly via conduction.

2.1. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
The governing equation for unsteady heat transfer via conduction is the well-known

f =“

l v 2T

(1)

In order to non-dimensionalize the above equation, we chose the diffusive time scale
(t = rb/ a g) for the ground because the ground heat transfer is generally the limiting transfer
process, with rb the radius of the borehole and a g the thermal diffusivity of the ground.
Hence, the non-dimensionalized time and radial coordinates are given by,

T

r

a g t.
„2 .
b
r
rb

(2)

(3)
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With these time and length scales, non-dimensionalizing the governing equations and
boundary conditions identifies the following parameters

dr —

ag

; kr —

kb
s
, 6— ,
Kg
rb

(4)

where s is the dimensional shankspace in metres, ab is the thermal diffusivity of the
borehole, kb is the thermal conductivity of the borehole and kg is the thermal conductivity
of the ground. The dimensionless shankspace, e — s /rb , is also known as the eccentricity, as
in Lamarche [2015], Yavuzturk and D.Spitler [1999], Young [2001]. The non-dimensional
temperature then is defined by,
^ * _ T - T ,g™
±p

(5)

±g,™

where Tg,™ is the ground temperature at the computational boundary.

Distinguishing

between the borehole and the ground respectively, the non-dimensional diffusion equations
reduce to,
dT*
dr

— TJ*2
J-r

dT* _ ^ *2^*
dr

(6)

(7)

where,
, _ (pCp)b
r _ (p C A ,

(8)

represents the ratio of volumetric specific heat of the borehole to the ground. The T* in
the above equation represents the dimensionless temperature within the borehole domain,
Q.b, and T* represents the dimensionless temperature within the ground domain, Qg. The
boundary conditions imposed are,

Tl™ —0,

and T* —T*(d&p) —1.

(9)
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For the two-pipe geometry, the pipe on the left-hand side of the borehole is adiabatic,
dT*
T p r (d &a) = 0.
or *

(10)

The initial conditions are,
t

*(0,

) = vh (0, a b) = o.

(11)

2.2. OVERALL CONDUCTANCE
Quite apart from any geometric simplifications made to simplify an analysis, the
composite system of borehole and ground makes it convenient to work with an overall
conductance per unit length defined by:
UA
~L

R = U P t'

(12)

where P b = 2n rb is the perimeter of the borehole, A is the borehole surface area, and L is
the length of the vertical borehole. Equivalently, the thermal conductance per unit length
can be viewed as the inverse of unit-length resistance, denoted by R'. Non-dimensionalizing
the conductance, U, by kg/r b,
U
(k„ jrb)

1
(k g/ r b)(2 n rb) R'

(13)

gives,
U* =

1
2nkgR'

(14)

where U* is the dimensionless, ground scaled thermal conductance. Explicitly identifying
the total composite conductance by the subscript t , allows it to be directly related to the
overall pipe-to-ground temperature difference and the average heat flux at the thermallyactive pipe surface, #".

Since the area-average heat flux varies in time, this equation
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provides the defining expression for [/*.

u ; = ---------f
2*kgR't

q”r
p' p
k„ (Tp Tg,™)

(15)

2.3. UNSTEADY, CENTERED SINGLE-PIPE SOLUTIONS
As briefly discussed in the introduction, the results will be compared with several key
limiting behaviors. These analytical results are limited to the greatly simplified, geometry
of a centered single-pipe borehole. The widespread use of this geometrical simplification
makes its comparison to the multi-dimensional numerical results an important consideration.
At early times, the heat transfer inside the borehole is time dependent, or unsteady.
Absent ground interaction, one can derive the solution for temperature dependence on time
due to the transient process by separation of variables technique. Treating as a single layer,
the respective non-dimensionalized boundary conditions for the hollow cylinder are,

t ; ( dQp)

= 1; T ( d n b) = 0;

(16)

and initial condition,
T; (0, Q ) = 0.

(17)

Dividing the solution into a steady and unsteady contribution,

T; (r V ) = T ; S(r ;) + T ; u (r ;, r )

(18)

where Tb*^(r; ) is the steady state solution, and Tb*w(r , r ; ) is the unsteady departure. The
above is solved by Crank [1975] using separation of variables and the solution for an
unsteady finite layer is given below,

T; (r ; , t )

ln (r; )
^
BnW(A*r; ) e- r »T
ln (r*) n- 1

(19)
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where,
Bn

J

(A;)J q(A*nr *p )

(20)

jQ(*Prp) - J2 (Ap)

and
W (Tnr p) _ J q(A*nr p) Y q(A*n) - J q(A*n)Y q(A*nr p)

(21)

and A* are the positive roots of,

Jq(d > ; )Y q(A*n) - J q(A*)Y q(A*nr; ) = Q.

(22)

Of course, the limitation of this unsteady finite layer solution is that any ground coupling is
neglected, since the borehole surface temperature is presumed fixed. Recognizing the first
term in the right hand side of the Eq.(19) as the steady state borehole solution [Bergman
and Lavine, 2007], it does lead directly to a quasi-steady borehole resistance,
ATb _ ln (1 / r *p )
qp

2nLkb

(23)

Modeling the intrinsically unsteady ground transfer process, Ingersoll et al. [1954]
provided analytical solution for the ground, expressed in our notation,
F (t )
2n

(24)

where
e- rA2
-dj3.
F (t ) _ - [
X J Q P (J2 (0 ) + y 2 (0))

(25)

Although, this solution provides a valuable insight to the ground transients, it neglects the
transient effect of the borehole.
For the centered single-pipe geometry, Lamarche [Lamarche and Beauchamp, 2007]
has provided particularly valuable solutions for two different boundary conditions. The two
boundary conditions are a heat flux imposed at the pipe boundary, (dQ.p), and the other heat
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transfer by convection in the pipe. The two-layer solution included the effect of ground.
These solutions capture the short time response of the borehole, albeit for the simplified
geometry. Ofcourse this analytical solution for convective heat transfer at the pipe also
corresponds to an isothermal pipe surface with the heat transfer coefficient taken to be large
(h ^ to). The results, transformed and the equation transformed into our notation is given
below,
8r l 2
T'b (r *, t ) = 1

n 3k,

/

Ye

-(P2^ )

‘ P 3((pi + ipl)

dp

(26)

where,
Y = Yo(Pr*)Jo(P) - Jo(Pr*)Yo(P)

(27)

<pe = Jo (yS)[Jo ( P ^ r ) Y i ( P ) - J i ( P ^ l ) Yo (P) V

]
v

(28)

-Y o (P ) [Jo( P ^ r ) J l (P) - Ji (P^^r)Jo(P) 1 ^ ]
Fn
#e = Jo(P) [Yo( P ^ ) Y i (P) - Y i (p ^ ) Yo( aH r ]
T„
*

(29)

-Y o (P) [Yo( P ^ r ) J l (P) - Y l ( P ^ Jo( P ) ^ ]
rp
The limitation of this solution is that temperature distribution is provided only for the
borehole domain and does not describe the actual two pipe geometry. This assertion would
be discussed in the following sections.
On a side note, while validating this large h limit of Lamarche’s solution [Lamarche
and Beauchamp, 2007], it was found to erroneously include an

/ k r (our notation) factor

in the Y equation, which should not be present.

2.4. NUMERICAL METHODS
The coupled diffusion equations Eqs.(6) and (7), are solved in OpenFoam [Nobrega
and Jasak, 2019], an open source C++ software tool, based upon the finite volume method
that contains numerical solvers and utilities providing solutions to computational mechanics
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problems. In the present study, the ChtMultiRegionFoam solver is employed, since this
solver, specifically treats conjugate heat transfer between regions with distinct fluid or solid
properties. The geometries shown in Figure 2 are drawn and meshed in Ansys [Swanson,
1998], exported to OpenFoam format and then solved in OpenFoam. The Crank-Nicholson
scheme, is used for the time derivative, thereby second order accurate, while a Gaussian
integration scheme is employed for the spatial derivatives.

2.5. GRID RESOLUTION
Although an implicit time integration scheme is used, time accuracy is essential to
the results being meaningful. To choose an appropriate time-step size, At and element size,
A r , the explicit stability criteria is used as a guide,

max

a gAt ab At
Ar2 ’ Ar2

1
< _ 4

(30)

which, in dimensionless form is,

Ar.sc < min

1
4

*2 1 Ar *2 \
’4
’

(31)

where A r = (a gAt)/^^. The overall computational run time obviously depends upon the
computational domain size and therefore, one seeks balance between domain size (r*) and
negligible impact on the results. The temperature probes at locations, r * = 0.7r* and
0 .9 r* , were used to verify that the computational domain boundary was well outside the
thermally affected zone.
The analytical solution of Lamarche and Beauchamp [2007] with imposed heat flux
provides an invaluable point of comparison for the numerical accuracy of the grid selected.
A constant heat flux was imposed at the surface of a centered single-pipe geometry and
the impact of grid resolution computed as the L2-norm error between the analytical and
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Table 1. The L 2-norm errors calculated to study the effect of grid resolution for a r = 1,
r*p =0.1, r « 0.3

Ar *

A£ * = A t / A tsc

At (s)

Ar (m)

Iletllp

\\tk\Il

\\ e k \\2

1/20

1

1.5

3E-3

0.25

0.0257

0.044

1/50

1

0.25

1.2E-3

0.031

0.0062

0.0078

1/100

1

0.05

6E-4

0.009

0.0029

0.00089

1/50

2

0.5

1.2E-3

0.044

0.0084

0.012

1/100

2

0.1

6E-4

0.013

0.0044

0.0014

1/50

4

1

1.2E-3

0.063

0.0107

0.0194

1/100

4

0.2

6E-4

0.018

0.0063

0.0024

numerical solution. These numerical solutions for grid study were run for an integrated
time period of t « 0.3, based on the assumed penetration depth (b) to be approximately
0.5r^, 5 = 0.5rb. This penetration depth could be defined as the depth to which the thermal
boundary condition propagates into the medium and mathematically it is proportional to
the time taken, 5 rc ^fat. The time-step size and element size were varied according to the
stability criteria defined and the results tabulated in Table 1. The L 2-norm error between
the analytical and numerical solution is calculated by,

(Ik*II)2 = -^ [A r* Y j (T
rb
k

)a - T ( tk)num)2]

(32)

where T(t )a is the true value corresponding to the analytical solution given by Lamarche
[Lamarche and Beauchamp, 2007] and T(t)num is the numerical approximation. An im
portant note is that the grid utilized in the present investigation is non-uniform in r as Ar
is allowed to vary by a factor of 1.2 from r * = 5 but is constrained in such a way that
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the maximum element size does not exceed the selected element size (Ar *) by an order of
magnitude. The uniform mesh size upto 5

is selected such that the penetration depth is

well within 5r^ for the total run time period.
The L2-norm errors calculated along the pipe surface, temperature locations at 20%
rb and 50%

are represented as ||e t ||P, and ||e t ||i and \\et||2 in the table. Considering

a case where Ar * = 1/50, A£* = 2 (time-step size) and Ar * = 1/100, A£* = 1 reducing the
mesh size and time-step size by a factor of 2, the error in the temperature is reduced almost
by a factor of 4. Taking computational time and errors into consideration, a dimensional
time-step size of At = 1s, element size of Ar = 0.0012 m was utilized throughout the
present investigation (both centered-single pipe and two-pipe geometry). For a range of
thermal parameters chosen, which will be discussed in the next section, the time taken for the
borehole to attain quasi-steady was approximated to be atmost r= 18 which corresponds to
5* rc 4. Since a wide range of thermal parameters will be used in this paper, a computational
domain size of r* = 33 was considered, which is an order of magnitude greater than 6*
for r=18, r * >> 6*. Both centered single-pipe and two-pipe utilize the same mesh size
throughout in this paper.

3. RESULTS AND DISCUSSION

The simplest, and most widely used, model for the borehole-ground heat transfer is
what may be termed a long-time approximation, which treats the heat transfer through the
borehole material as quasi-steady, thereby limiting the transients to the ground material.
The reasonable consequence of the viewpoint is to choose the thermal conductivity of the
borehole similar to that of the ground k r = 1 with other material properties presumed to
be insignificant. As a further consequence, viewing the borehole transfer as quasi-steady
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Table 2. Typical range of non-dimensional parameters

Parameters

Minimum

Maximum

ar

0.2

5

kr
rp*
*
rb
*
'roo

1

3

0.1

0.25

1

1

33

33

e

0

0.83

T

0.3
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renders consideration of shank spacing a triviality. A thermally active pipe should obviously
be placed as near as practical to the borehole surface to minimize the effective thermal
resistance and to minimize the heat transfer between pipe legs at different temperatures.
The recognized importance of short-time effects due to borehole transients chal
lenges, however, the lack of attention to the borehole properties of density p and specific
heat, Cp. In fact, the need to understand the transient effects of the borehole brings along
the potential to select, or manipulate, borehole properties for the desired effect. The present
study addresses this potential and also reveals that during the borehole transient, the ideal
shank space 5, is much less obvious.
Unsteady, multi-dimensional solutions obtained with OpenFoam were analyzed to
study the effect of thermal mass of the borehole and shank-space for the two-pipe geometry.
The thermal property values considered for these simulations were taken from the ASHRAE
handbook [ASHRAE, 2015]. In the numerical simulations, the properties such as thermal
diffusivity of ground, thermal conductivity of the ground and borehole are kept constant
and the thermal diffusivity of borehole is varied over a range, such that 0.2 < a r < 5.
The parameters used in the simulations are non-dimensionalized and listed in Table 2. For
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r'P

Figure 3. Variation of non-dimensional conductance for the offset pipe geometry in a single
borehole layer. Solid line represent numerical solution and dashed line represent Eq.(34).

convenience, the volumetric heat capacity, pCp , will be denoted by the symbol, A. The
ratio of the borehole volumetric heat capacity, At, to the ground volumetric heat capacity,
Ag will be denoted by Ar in keeping with the earlier definitions of k r Eq.(8).
Since this paper treats the outlet leg as adiabatic, the geometry is akin to an offset
pipe geometry with a circular volume deletion. While the steady-state conduction shape
factor for the offset pipe geometry is well known [Bergman and Lavine, 2007],

S' =

2n
1+r*„2 e„2
cosh 1[ 2r* J

(33)

where S'0 is shape factor per unit length, the offset pipe with a symmetric volume deletion
is not available. To establish the significance of this effect, in isolation, we have taken
the extra step of solving for the steady-state shape factor of the borehole geometry shown
in Figure 1(b). In order to so, two-pipe borehole geometry uncoupled with the ground is
considered. This geometry uncoupled with ground for different shank-spaces are solved in
OpenFoam using Laplacian solver. The numerical results for the offset two-pipe geometry
are plotted in Figure 3. The dashed line in the figure represents the steady-state conduction
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for the offset pipe geometry given by,
* _ S'
Ub _
2n

(34)

The conductance for the two geometries shows a linear dependence on the active pipe radius.
The differences in the conductance between the two geometries, offset single- and offset
double-pipe, is nearly zero indicating that the outlet leg, treated as adiabatic, has negligbile
impact on the quasi-steady thermal resistance.
Idealizing the geometry to a single pipe centered in the vertical borehole, provides
non-trivial analytical model for the total conductance, presuming steady transfer through the
borehole material and unsteady transfer in the ground material. The thermal conductance
for the centered single-pipe borehole at steady-state is the familiar

jj

. _ Qp _ 2nLkb
b ~ W b _ ln (1 /r; )

(35)

where qp represents the total heat transfer over the length of the borehole. Expressing the
above equation in terms of non-dimensional conductance, as defined by Eq.19,

*_
Ub _

kr
ln (1 /rp)

(36)

gives the quasi-steady borehole conductance, in our non-dimensional form. Coupling this
to a model for the unsteady ground transfer Eq.(24), gives a simple model for overall
conductance,
1
U,t,o

1
1
~U
u b* + ~U
u g* ’

(37)

where, U* represents the dimensionless ground conductance. Substituting U*b from Eq.(36)
and U** from Eq.(24) provided by Ingersoll et al. [1954] gives,
1 _ 2^
ln (r*p)
u i 0 _ f (7 ) - ~ k ^

(38)
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This solution represents the long time behavior as the thermal energy transfer is ground
dominated with negligible thermal energy transfer in the borehole. Although this model
neglects the borehole the borehole transients, it remains the basis for the most commonly
used appraoches to designing the borehole heat exchanger[ASHRAE, 2015].
Recognizing that widely used design methods ignore the short time response of the
borehole and assume the borehole as quasi-steady, such as ASHRAE [ASHRAE, 2015],
it would be tempting to discount the transient effect of the two-pipe borehole geometry.
Figure 4, compares dimensional conductance predicted by the analytical model, Eq.(38)

(a)

(b)

Figure 4. Variation of total conductance for a time period of 5400s for a two-pipe geometry
with r*p = 0.1 and k r = 1.
[1] - (Ar = 5, k r = l , e = 0.16) [2] - (Ar = 5, k r =
1, e = 0.833) [3] - (Ar = 0.2, k r = 1,e = 0.166)
[4] - (Ar = 0.2, k r = 1,e =
0.83) [5] - (Ar = 1, k r = 1,e = 0.5) [6]-analytical solution (E q . (38))

against the numerical results over a time period of 5400 s corresponding to an hour and a
half of operation.
The broken lines of curves 1-5 reveal significantly higher total conductance than the
simplest analytical model, Eq.(38), approaching nearly an order of magnitude difference.
In fact, it takes approximately 5000 s for the curves 1 and 2 to reach 80% and curves 3, 4
and 5 to reach 95% to that of the quasi-steady borehole solution, curve 6. If the load on
the geothermal heat pump systems vary on an hourly basis or less than hourly basis, the
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analytical solution given in Eq.(38) significantly underestimates the thermal performance
of the heat exchanger. Clearly, this solution cannot be an approximate estimation for the
short time behavior of the borehole.
The size of the separation between the curves in Figure 4 not only underscores
the importance of the short-time transients but also highlights the potential to favorably
manipulate the borehole thermal properties. At t = 10 s, curve 1 offers a thermal advantage
of 90% over curve 5 (conventional properties) and curve 4 offers a thermal disadvantage of
35% over curve 5. This behavior can explained by the fact that the relatively higher thermal
mass ratio for curve 1 over curve 5 and vice versa for curve 4. A surprising effect of shankspace, e, can be noticed between curves 1,2 and curves 3,4. Curve 1 offers approximately
6% increase in time-average conductance over curve 2, the difference is shown in Figure
4(b), indicating that moving the shank-space close to the center is advantageous. However,
the opposite holds true for curves 3 and 4. Closer examination of these two curves reveal
that the increase in conductance for curve 4 is due to the fact that, the ground participates
early due to placement of the pipe close to the borehole surface and that thermal mass
of the ground is significantly higher than the thermal mass of the borehole. Favorable
positioning of the pipe within the borehole, as denoted by e, therefore appears to depend
upon the relative match of the material properties associated with borehole and the ground.
In order to understand these interplays, examination of the results are divided into three
distinct periods: 1) the borehole dominant period 2) the ground dominant period and 3) the
transition period.

3.1. BOREHOLE DOMINANT PERIOD
This period addresses the heat transfer inside the borehole with limited ground
participation. To quantify this period, as a first step, a borehole scaled time, f , is identified,
a gt
1
—
T= T

(39)
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kr
f = a rT = — r.
Ar

(40)

Secondly, the widely known analytical solution for a semi-infinite solid with constant surface
temperature that characterizes the borehole transients given by Bergman and Lavine [2007]
is considered. Expressed in our notation,

= e rf( i i t ) -

(41)

The term, a t in the solution, lends itself to identification of scale for the thermal penetration
depth, 8. Mathematically, this penetration depth is of the form S = C^Jat where C is
a constant. This mathematical form of 8 could then be modified to accomodate for the
centered single-pipe geometry (Figure 2), which can be expressed as,

8 (0 - rp =

(42)

with borehole and ground properties presumed to be nominally equal. Non-dimensionlizing
with respect to

,
S * - r*p = C V f

(43)

gives an expression for 8* > r *p . Subtracting the single-pipe radius gives an penetration
depth measured from the borehole centre. While this may be a less intuitive form for
early times in the two-pipe geometry, the approach is certainly preferable once the ground
transfer process comes into play, irrespective of the borehole interior geometry. The value
of constant, C , was found to be 3.1 from the slope of the curve, when 8* was plotted against
V r for different thermal properties. This value of C also matches to that of the analytical
solution provided by Lamarche [Lamarche and Beauchamp, 2007].
Considering the borehole scaled time and the penetration depth formulation, Eq.(43)
can be modified to,
8 * - r* = C V f .

(44)
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T

T

(a) r*p = 0.1

(b) r*p = 0.25

Figure 5. Estimation of borehole dominant time period for centered single-pipe geometry
with k r = 1. The notation T : 1 represent unsteady-finite single layer solution

This solution could then be used to estimate the borehole dominant period. To check
the validity of the above equation and to estimate the borehole dominant time period for
different thermal properties, numerical results obtained for centered single-pipe geometry
were used to plot time varying penetration depth as shown in Figure 5. This figure is plotted
by tracking the radial distance at which the one percent non-dimensional temperature (T*)
diffuses into the borehole region with respect to time. The time taken when the non
dimensional temperature reaches 1 percent at the borehole surface ( T * ( d ) = 0.01) or
penetration depth reaches one (d* = 1), is taken to be the borehole dominant period.
F o rr*p = 0 .1 ,usingEq. (44),f (d* = 1)

«

0.084an dforr*p

=

These values matches with the borehole dominant period shown in Figure 5 for Ar = 1.
However in Figure 5(a), the borehole dominant time period for Ar = 5, is approximately
0.078 and for Ar = 0.2 it is approximately 0.11. This deviation in borehole dominant time
period between Ar = 1 and Ar ^ 1 is caused due to the non-similar borehole and ground
properties. It may also be counterintuitive that the borehole dominant time period for Ar = 5
is less than that for Ar = 0.2. This discrepency is due to the identification of borehole scaled
time, f = (k rT)/Ar, where lower values of Ar reduces f . One could calculate r and check
that t = 0.42 for Ar = 5 and r = 0.0168 for Ar = 0.2 as the corresponding borehole

0 .2 5 ,f (d*
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dominant period. Similar trend but with reduced borehole dominant period can be seen
for r*p = 0.25 when compared to r*p = 0.1. The dashed line in the above figure, T : 1,
represents the penetration depth for unsteady-finite single layer solution Eq.(19). Since it’s
a unsteady-finite single layer solution, the borehole surface acting as a heat sink influences
the temperature distribution and hence the curve is plotted only to a certain penetration
depth of 0.75. In Figure 5, for penetration depths less than one (5* < 1), it can be seen that
the penetration depth curves for different thermal properties didn’t overlap each other. As
the time-step size is fixed (At = 1s) the varying thermal mass ratios gives few data points
to plot the figure and especially, the lower the thermal mass ratio, lesser the data points.
Moreover, as the results are already compared with analytical solution, trying to capture
the numerical solution for less than 1 second increases the computational cost. Therefore
a poly-fit function is used in python code to plot this figure leading to small deviations in
slope for each of the curves.
The borehole dominated period are also tabulated and compared with the analytical
solution provided by Lamarche and Beauchamp [2007], represented as Lam T : 2 in the
table, Table 3. The notation, T : 2, represents two layer solution and Foam T : 2 represents
the numerical solution. Looking at the column, f (5* = 1) in the table, it can be seen that
Lamarche and Beauchamp [2007] two layer solution, matches with the numerical solution.
To give a perspective of the time period for different thermal mass ratios, the borehole
dominant time lasts for approximately t « 52s for Ar = 0.2 and t « 833s for Ar = 5.
Therefore, borehole dominant time lasts longer for greater values of Ar .
Although borehole dominant period recognizes the significance of thermal mass
ratio, it alone does not provide justification in assessing the performance of the borehole.
Therefore, quantifying the thermal performance of the unsteady borehole is essential and
what better way can be found other than calculating the heat transfer at the borehole surface.
Presuming axisymmetry, the rate of heat transfer per unit length at the pipe and borehole
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Table 3. Non-dimensional time values for borehole dominant, ground dominant and tran
sient periods with different thermal properties for a centered single-pipe geometry with
kr = 1

Properties
rp*

f (s* = 1)
Lam T:2 Foam T:2

7qs (Qr = 0.9)
Lam T:2 Foam T:2

Tbg
Lam T:2 Foam T:2

0.1

5

0.075

0.0743

7.98

8.01

7.905

7.935

0.1

1

0.083

0.082

1.201

1.01

1.11

0.929

0.1

0.2

0.112

0.115

0.22

0.24

0.108

0.125

0.25

5

0.048

0.043

5.15

5.201

5.102

5.158

0.25

1

0.053

0.05

0.913

0.838

0.86

0.788

0.25

0.2

0.062

0.063

0.179

0.182

0.117

0.119

can be computed from Fourier's law applied at r = rp ,

q'p = - 2 n r p k b^ \ r=rp

(45)

q'b = - 2 n r bk g ^ ^ - \ r=rb.

(46)

and at the borehole, r = rb

The average heat transfer rate per unit length at the respective surfaces were calculated for
the borehole dominant period and their ratio, q'b/q'p , represented as qr could be seen in the
Table 4 under the column f at 5* = 1. A key observation from the table is that, for a common
radii, increasing Ar by a factor of 5 from Ar = 1, reduces qr by a factor of 2, indicating a
increased heat transfer in the borehole domain. In other words, significantly higher values
of qr for a shorter period of time indicates increase in borehole domain temperature and
reduced dissipation of thermal energy into the ground. This would rather be an unfavorable
situation when the pumps are operating in a cyclic loading for a longer time. Hence,
clearly, Ar plays an important role in the borehole heat transfer. The values in the column
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Table 4. Significance of heat transfer for different thermal properties in borehole dominant
period for centered single-pipe geometry (kr = 1)

Properties
TP*
4,

f b (qr = 0.05)
Lamarche T:2 Foam T:2

Qr (T |^*=1)
Lamarche T:2 Foam T:2

0.1

5

0.069

0.0723

0.0716

0.065

0.1

1

0.06

0.064

0.142

0.135

0.1

0.2

0.055

0.058

0.235

0.227

0.25

5

0.049

0.05

0.046

0.04

0.25

1

0.044

0.046

0.091

0.087

0.25

0.2

0.0387

0.040

0.134

0.129

fb (qr = 0.05), represents the time taken for q r to reach 5%, an approximation made to
compare with the borehole dominant period that corresponds to 1% isotherm assumption.
It is noted that fb (q r = 0.05), is just 5% to 10% less than that of the borehole dominant
time period.
As mentioned in the introduction section that the thermal performance of these heat
exchangers are evaluated in terms of conductance, the time varying total conductance for
borehole dominant period is shown in Figure 6. Clearly from Figure 6(a), the conductance
is influenced by the radius of the pipe. The usage of f which is defined in Eq.(40) collapses
the curves with different thermal mass ratios of common radii into a single curve. Since the
significance of thermal mass is not seen in this figure due to the time scale, Figure 9(b) is
plotted with dimensional values. Drawing attention to curves 1 and 2, one could notice for
the entire borehole dominant time period, the conductance for curve 1 lay above curve 2. The
time-averaged conductance in the borehole dominant period for curve 1 is approximately
65% greater than curve 2, signifying that increasing Ar , Ar = 5 in this case, would be
a important parameter worth considering while designing these heat exchangers. Similar
trend can be seen for r*p = 0.25. The time-averaged conductance for the corresponding
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Figure 6. Variation of total conductance in borehole dominant time period for centered
single-pipe geometry with k r = 1. The filled symbols represent a common radii of r*p = 0.1
and unfilled symbols represent a common radii of r*p = 0.25.

borehole dominant period for different thermophysical properties are also tabulated in
Table 5 under the column f (5* = 1). So far, the thermal mass effect in the borehole
dominant period for the centered-single pipe geometry was discussed. Considering the
physical reality that the borehole consists of two-pipe geometry and the centered-single
pipe is just an approximation, the thermal mass effect for the true geometry is discussed in
the following paragraphs.

(a) Ar = 1, k r = 1,e = 0.5 at f | ^*=1 = 0.015

(b) Ar = 5, k r = 1,e = 0.166 at f | ^*=i = 0.049

Figure 7. Borehole temperature contours showing the 1% isotherm contacting the borehole
surface at different times for the two-pipe geometry.
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Table 5. Dimensionless conductance values for borehole dominant, ground dominant and
transient time periods (kr = 1) for centered single-pipe geometry

Properties
TP*
4,

^ * (f 'U*=1)
Lam T:2

Foam T:2

U*( TqS)
Lam T:2 Foam T:2

U *bg
Lam T:2

Foam T:2

0.1

5

1.66

1.65

0.25

0.261

0.405

0.408

0.1

1

1.001

1

0.301

0.307

0.423

0.427

0.1

0.2

0.704

0.695

0.361

0.341

0.44

0.428

0.25

5

3.88

3.87

0.341

0.349

0.72

0.722

0.25

1

2.24

2.16

0.434

0.44

0.759

0.75

0.25

0.2

1.443

1.401

0.536

0.527

0.781

0.775

The temperature contours for the two-pipe geometry (isothermal boundary condition
at inlet leg and adiabatic boundary condition at the outlet leg) are shown in Figure 7 for two
sets of non-dimensional parameters (Ar = 1, k r = 1,e = 0.5 and Ar = 5 , k r = 1,e = 0.166).
This figure was plotted for a time interval when the 1% isotherm reaches the borehole surface
and the respective values are f |^*=1 = 0.015 for Ar = 1, k r = 1,e = 0.5 and f |s*=1 = 0.049
for Ar = 5, k r = 1,e = 0.166. The influence of shankspace is clear from the figures, as
the isotherms of one percent non-dimensional temperature reaches the borehole surface at
different azimuthal angle (0). It can also be seen that, as the pipes are kept closer to the
center, the isotherms spread across the borehole utilizing the borehole thermal area. A
noteworthy point is that, for centered single-pipe with r*p = 0.1 and Ar = 1, f |^*=1 = 0.084
and for two-pipe geometry with similar properties and e = 0.5, f |^*=1 = 0.015, a reduction
of 80% from centered-single pipe. Hence borehole dominant time period is overestimated
for centered-single pipe configuration.
As noted before, the borehole dominant period for centered single-pipe was esti
mated using the thermal penetration depth variation with respect to time. Similarly, the
thermal penetration depth (b*) for the two-pipe geometry for different thermal properties
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(a) With pipe centre as origin

(b) With borehole centre as origin

Figure 8. Estimation of borehole dominant time period for two pipe geometry. Solid lines
represent r*p =
0.1
and dashed lines represent r*
= 0.25. [1]
(Ar
0.16) [2] - (Ar = 1 ,k r = 1,e = 0.5) [3] - (Ar = 0.6, k r = 3,e = 0.83) [4] - (Ar =
5, k r = 1,e = 0.33) [5] - (Ar = 1, k r = 1,e = 0.5) [6] - (Ar = 0.6, k r = 3,e = 0.58)

was plotted with respect to borehole dominant time as shown in Figure 8. This figure
was plotted by tracking the radial coordinate of the isotherms corresponding to one per
cent non-dimensional temperature (T* = 0.01) with respect to time. However, the radial
coordinate was taken to be at an azimuthal angle of zero (<p = 0), which corresponds to
the least resistance path to borehole surface. In Figure 8(a) the pipe centre is taken to be
the origin (0,0) and hence, the curves start at 5* = 0 and stops at respective time when the
penetration depth reaches the borehole surface. However, in Figure 8(b), the centre of the
borehole is kept as the origin and hence the penetration depth starts at r*p + e and stops
at 1, this value indicating that the isotherm has reached the borehole surface. These two
plots convey the same data, however the author wishes to use Figure 8(b) as it identifies the
borehole dominant period when 6* = 1. A considerable difference, t = 562.5s for curve
1, t = 38.25s for curve 2 and t = 2.25s for curve 3, in borehole dominated period is noted
due to different shank-spaces and thermal properties. Drawing attention to the conventional
properties, curve 2, the borehole dominant time period is reduced by 70% over curve 1,
indicating the significance of shank-space.

= 5, k r
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Figure 9. Average borehole surface temperature in the borehole dominant period for the
two-pipe geometry. Solid lines represent r*p = 0.1 and dashed lines represent r*p = 0.25.
[ 1 ] - ( A r = 5 , k r = 1, e = 0.16) [ 2 ] - ( A r = 1 ,k r = 1,e = 0.5)
[3] - (Ar = 0.6, k r =
3, e = 0.83) [4] - ( A r = 5 , k r = 1,e = 0.33) [5 ]-(A r = 1, k r = 1,e = 0.5) [ 6 ] - ( A r =
0.6, k r = 3,e = 0.58)

Since the thermal penetration depth equation for centered single-pipe geometry,
Eq.(44), provided a reasonable estimation for borehole dominant time period for Ar = 1,
the same equation can be modified for the two-pipe geometry and the equation becomes,

r - rp - e = C V f

(47)

where e is the dimensionless shank-space, introduced to accommodate for the multi
dimensional geometry. This equation also provides a reasonable estimation for the borehole
dominant time for Ar = 1 (can be verified in Figure 8 ), but deviations arise when Ar ^ 1.
Since the isotherms reaches the borehole surface asymmetrically for two-pipe ge
ometry, Figure 9 was plotted showing the variation of average borehole surface temperature
(T* (dQ.b)) with respect to borehole dominant time (t ) for different thermal properties. An
important insight that can be drawn between curve 1 and curve 2 , is that, for a given borehole
dominant period (t |^*=1 = 0.049 for curve 1 and t 15*=1 = 0.015 for curve 2 from Figure
7), increased borehole surface temperature can be noticed for curve 1. This is due to the
influence of isotherm in contact with the borehole surface where almost a quarter of the
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Figure 10. Variation of heat transfer per unit length ratio in the borehole dominant time
period for two-pipe geometry. Solid lines represent r*p = 0.1 and dashed lines represent
r*p = 0.25.
[1 ] -(A r = 5 , k r = 1,e = 0.16) [ 2 ] - ( A r = 1, k r = 1,e = 0.5) [3] - ( A r =
0.6, k r = 3, e = 0.83) [4] - (Ar = 5 , k r = 1,e = 0.33) [5] - (Ar = 1, k r = 1,e =
0.5) [ 6 ] - ( A r = 0.6, k r = 3,e = 0.58)

borehole surface is impacted by the isotherm for Ar = 5, supported by Figure 7. Increase in
borehole surface temperature can be observed for curves 3 and curve 6 as the thermal mass
ratio is relatively less (Ar = 0.6) compared to the ground.
Plotting heat transfer per unit length ratio (qr) for the borehole dominant time,
Figure 10, similar trend to that of the previous figure can be seen as the borehole surface
temperature has a direct influence on qr as qr

(Tb(r = rb, t ) - Tg^m). Curves 3 and 6

belonging to Ar = 0.6 are not favorable as the borehole heats up rapidly with relatively
lower thermal energy transfer to the ground. A small increase in qr for curve 1 representing
Ar = 5 over curve 2 representing Ar = 1, is based on the isotherm interaction with the
borehole surface.
For evaluating the thermal performance, the dimensionless conductance for the twopipe geometry against the borehole dominant time is shown in Figure 11(a). The curves
with similar k r and r*p collapses on to a single curve due to the time scale used (noted
in Figure 9). This time scale helps to estimate the thermal performance solely based on
shank-space, as it suppresses the thermal mass effect. For example, curve 1, the filled

38

T

(a)

t (s)

(b)

Figure 11. Variation of total conductance in the borehole dominant period for two-pipe
geometry. Solid lines represent r*p = 0.1 and dashed lines represent r*p = 0.25.
[1] - (Ar =
5, k r = 1,e = 0.16) [2] - (Ar = 1 ,k r = 1,e = 0.5) [3] - (Ar = 0.6, k r = 3,e =
0.83) [4] - (Ar = 5, k r = 1,e = 0.33) [5] - (Ar = 1 ,k r = 1,e = 0.5) [6] - (Ar =
0.6, k r = 3,e = 0.58)

inverted triangles end at f |^*=1 = 0.049 with U* = 0.55, whereas curve 2, filled circles
end at f |st=1 = 0.015 with [/* = 0.83. This extended length of curve 1 represents the
prolonged thermal energy transfer in the borehole. To make a quantitative comparison,
the time-averaged conductance in the borehole dominant period multiplied by the borehole
dominant period is considered U*f | ^*=1. Dimensionally, this product relates to the amount
of thermal energy transfer in a system for a given time that is, Q = (U AA T) A t. Comparing
curve 1 and 2, the amount of thermal energy transfer in the borehole is more than twice
to that of the curve 2, indicating the significance of shank-space. One could also compare
the amount of thermal energy transfer in the borehole dominant period between the twopipe geometry and centered-single pipe geometry with similar properties. The amount of
thermal energy transfer in the centered single-pipe is almost 5 times to that of the two-pipe
geometry with e = 0.5 with similar properties (Refer Table 5 and Figure 11). Therefore, it
is suffice to say that the centered single-pipe geometry would not be a proper approximation
for the two-pipe geometry.
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Moving our attention to understand the thermal mass effect of the two-pipe geometry,
Figure 11(b) shows the dimensional values. It is clearly seen that, the thermal advantage the
curve 1 provides over curve 2. The time-averaged conductance in the borehole dominant
time period for curve 1 showed a 42% improvement over curve 2 indicating that increasing
the thermal mass of the borehole relative to the ground is advantageous. The amount of
thermal energy transfer in the borehole dominant period (Ut|^*=i), is approximately 15
times to that of curve 2. However, curve 3 with Ar = 0.6, lays on top of curve 1, showing
an increase in conductance in the borehole dominant period. Looking closer, this is due
to the placement of the pipe that the ground becomes thermally active at a very short time
and the thermal conductivity ratio, which is three times to that of curve 1. Lamarche and
Beauchamp [2007] analytical solution for the centered single-pipe configuration cannot be
able to predict this behavior. An important conclusion that be drawn from this section is
that increasing the borehole thermal mass ratio Ar > 1 relative to the ground and placing
the pipes close to the centre, e « 0, is more favorable.

3.2. GROUND DOMINANT PERIOD
Under quasi-steady conditions, the heat transfer rate per unit length at the pipe
surface would be equal to the heat transfer rate per unit length at the borehole surface
(q'p = q 'b). Hence, the heat transfer is limited in borehole and dominant in the ground. In
this section, the time period at which the borehole reaches quasi-steady is represented as the
beginning of the ground dominant period and the quasi-steady of the borehole is quantified
when the heat transfer per unit length ratio, qr , reaches 90%. The beginning of the ground
dominant period represented as rqs is shown in Table 3 under the column rqs (qr = 0.9), for
the centered single-pipe geometry. It is observed clearly that Tqs is directly proportional to
the thermal mass ratio, Ar . For example, Tqs at (qr = 0.9) is down an order of magnitude for
Ar = 0.2 when compared to Ar = 5, which makes Ar = 5 favorable as more time is needed
for the borehole to reach its thermal storage capacity.
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Having established the beginning of the ground dominant period for the centered
single-pipe geometry, it would be ideal to compare the commonly used design standards
which assumes quasi-steady borehole and unsteady ground with the unsteady borehole
and unsteady ground.

Hence, Eq.(38) was used to formulate a correction factor that

could quantify the uncertainty of assuming steady-state borehole for centered single-pipe
geometry. To start with the formulation, the initial values (a0) of the total conductance for
different thermo physical properties are plotted against the radius of the pipe (r*p ) and the
results showed a linear dependence. Since, U ^ (k /V®) and taking the only dependent
properties (rp, k, a) into consideration, the equation for calculating the initial value, a0 for
the centered-single pipe geometry was established,

where C\ = 8.4, which is approximated by taking the average slope when a0 is plotted against
r* for different k r and a r . The difference in total conductance between the analytical solution
(Eq.(38)) and the numerical solution (unsteady borehole and unsteady ground) was plotted
for various thermophysical properties against time (r) and for clarity Ar = 0.2, k r = \ , e = 0
was selected and shown in Figure 12.
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Figure 12. Comparison between true error, [/* - [/* and correction factor for Ar = 0.2, k r =
\ , e = 0 for a centered single-pipe geometry at quasi-steady time.
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An exponential decay with respect to time can be seen in the figure.

As the

conductance showed direct dependence on a0 along with the exponential decay with respect
to increase in time, the following correction factor,

Ut* - Ut,o
*

a0 exp 'p

(49)

is formulated and shown in the figure. The exponential variation with respect to time
signifies that the error, U* - U*t o, is maximum during the initial short time period otherwise
known as borehole dominant period. However, as time progresses, the uncertainity reduces
as the borehole attains quasi-steady. The correction factor was tested for different thermal
properties with respect to time and minor deviations were noticed between the true error,
U* - U*t o and the correction factor, but these deviations could be minimized by making
more precise adjustments to the correction factor. This correction factor holds good only
for centered-single pipe geometry and one can expect higher order of error for the two-pipe
geometry.

Figure 13. Estimation of quasi-steady time for the two-pipe geometry.
[1] - (Ar =
5 , k r = 1,e = 0.16) [2] - (Ar = 1 ,k r = 1,e = 0.5) [3] - (Ar = 0.6, k r = 3,e =
0.83) [4] - (Ar = 5, k r = 1,e = 0.33) [5] - (Ar = 1 ,k r = 1,e = 0.5) [6] - (Ar =
0.6, k r = 3,e = 0.58)
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Considering the physical reality that the borehole consists of two-pipe, the time to
reach quasi-steady is captured in Figure 13, for different thermal and geometrical parameters.
It is expected that the time taken by the borehole to attain quasi-steady varies strongly with
the borehole properties. For example, Tqs « 1 for curve 2 and Tqs « 0.75 for curve 3, almost
1.3 times to that of the curve 2. Considering a heat pump operating on a hourly varying load,
it would be ideal to choose the properties of the borehole such that the borehole doesn’t reach
quasi-steady within one hour. If we take curve 3 for e.g., it takes approximately t = 2500s
for the borehole to reach quasi-steady and clearly, borehole properties corresponding to
curve 3 is not an proper choice.

Table 6. Quasi-steady time behavior for different thermal and geometrical parameters

Curve

Tqs from Figure 13

Tqs from Eq.(50)

1

8.01

6.3

2

1.01

1.25

3

0.50

0.75

4

5.20

5.74

5

0.83

1.14

6

0.40

0.69

It is also worth noting that the quasi-steady time for two-pipe geometry is almost
same in order of magnitude to that of centered single-pipe geometry (Table 3 and Figure
13). With, Ar and r*p influencing the quasi-steady time of the borehole, an estimation for
the quasi-steady time was derived and it is represented below,

Tqs -

(r; )0-1

(50)

43
This provides a best-fit for Tqs with a maximum of ±23% deviation in 0.6 < Ar < 5. This
correlation is also compared with rqs from Figure 13) and the respective values are listed
in Table 6.
Respective non-dimensional conductance are plotted against the dimensionless time
as shown in Figure 14.

Figure 14. Variation of total conductance in short-time and long-time borehole transients.
[1] - (Ar = 5 , k r = 1, e = 0.16) [2] - (Ar = 1, k r = 1,e = 0.5) [3] - (Ar = 0.6, k r =
3, e = 0.83) [4] - (Ar = 5 , k r = 1,e = 0.33)
[5 ] -(T r = 1 ,k r = 1,e = 0.5) [ 6 ] - ( A r =
0.6, k r = 3,e = 0.58)

Two major observations can be made from this plot. Curves are divergent at the
beginning and converge at the end. The convergence can be explained by the fact that the
borehole has reached quasi-steady and the heat transfer is ground dominant. The variation
between the curves at very small times is due to the effect of borehole properties (both
thermophysical and geometrical), which was discussed in the borehole dominant section.
The convergence of these curves dictate that the borehole properties becomes irrelevant
when the quasi-steady state is reached.
To conclude this section, a comparison between the commonly used standard that is
the assumption of steady-state borehole and unsteady ground and the numerical solution for
two-pipe geometry was made to estimate the deviation in assuming a quasi-steady borehole.
Hence, Eq.(38) and the numerical solution for two-pipe geometry was used to plot against
penetration depth (d*) as shown in Figure 15.
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Figure 15. Comparison between quasi-steady borehole unsteady ground (Eq.38) and un
steady borehole unsteady ground for two-pipe with respect to thermal penetration depth.
[ 1 ] - ( A r = 5 , k r = 1, e = 0.16) [ 2 ] - ( A r = 1, k r = 1,e = 0.5) [3] - (Ar = 0.6, k r =
3, e = 0.83) [4] - ( A r = 5 , k r = 1,e = 0.33)
[5 ]-(A r = 1, k r = 1,e = 0.5) [ 6 ] - ( A r =
0.6, k r = 3,e = 0.58)

The exponential decay suggests that the borehole has reached quasi-steady, whereas
in the lower penetration depths significant deviation is noticed due to the transient nature
of the borehole. Considering 15% as the acceptable deviation, curve 1 is at 7.3 6* while
for curve 2, it is just 3 6*. Since the thermal penetration depths vary over a wide range
for different thermal properties for the borehole to become irrelevant, the assumption of
borehole to be quasi-steady in predicting the thermal performance of the heat exchanger
becomes inaccurate. The penetration depth at which the borehole attains quasi-steady can
be quantified using,
r qs - c V v

(51)

where the subscript qs represents quasi-steady. Noting that this equation does not include
shank-space and pipe radii as the properties of the borehole become irrelevant. This equation
was compared with the thermal penetration depth that corresponds 15% deviation from the
Figure 15 and is noted that the error is less than 12%.
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3.3. TRANSITION PERIOD
This period represents the period in which heat transfer takes place both in borehole
and ground, that is, the inbetween time period between the borehole dominant period and the
quasi-steady time, rqs > Tbg > f |^*=i. To put into perspective, for conventional properties,
the borehole dominant period is approximately 0.084 and time taken by the borehole to reach
quasi-steady is approximately i for centered single-pipe geometry. Hence, it is intuitive
that the time period between 0.084 and 1, can be recognized as the transition period. This
transition period can be quantified by,

T bg

= TqS

T |^*=1

(52)

with its dependency on both borehole as well as ground properties. These values are
calculated for centered single-pipe geometry and displayed in Table 3 under the column Tbg.
The time averaged conductance in the transition period, U*g for different thermo
physical properties are listed in Table 5. For different A with commom pipe radius, there is
not much appreciable difference in the time-averaged conductance in the transition period.
A small increase in U*bg for smaller values of Ar , for example Ar = 0.2, is due to the early
participation of the ground.
The beginning of the transition period, can be approximately estimated by calculating
the borehole dominant period given by Eq.(44). However, it is anticipated that the ground
could participate earlier, and this can be shown by calculating the ground conductance by,

U * = ---------8 2n k gR'g

(53)

where R'g represents unit length resistance of the ground,
= Tb (r = rbJ ) - Tg,m
g=

q'b (t)

(54)
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Figure 16. Variation of conductance in the transition period.
[1] - (Ar = 5, k r = 1,e =
0.16) [2] - (Ar = 1, k r = 1,e = 0.5) [3] - (Ar = 0.6, k r = 3,e = 0.83) [4] - (Ar =
5, k r = 1,e = 0.33) [ 5 ] - ( d r = 1, k r = 1,e = 0.5) [6] - (Ar = 0 .6 ,k r = 3,e = 0.58)

The ground conductance is then plotted against time for different thermophysical properties
as shown in Figure 16. Comparing the borehole dominant period from Figure 8, and the
beginning of the transition period from Figure 16, the transition period begins early during
the borehole dominant period. As just noted, for centered single-pipe geometry, for smaller
values of Ar , the ground participates early. Likewise for the two-pipe geometry, for smaller
values of Ar and large values of shank-space e, the ground participates early as shown in
curves 3 and 6. However, at the end of the transition period, all the curves almost asymptote
to a constant value representing the quasi-steady state of the borehole.

4. CONCLUSIONS

In this paper, both centered single-pipe and two-pipe geometries for geothermal heat
exchangers were considered and the unsteady diffusion equations were solved using the finite
volume approach. The significance of the borehole thermal mass, expressed as thermal mass
ratio, Ar , and shankspace, e, measured relative to the radius of the borehole were investigated
for Ar ranging from 0.6 < Ar < 5 and shankspace ranging from 0 < e < 0.83. Noting
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that the thermal mass ratio, Ar , defined as the ratio of borehole thermal mass to the ground.
The role of thermal mass and shankspace were studied for three different periods, borehole
dominant period, ground dominant period and transition period.
The results indicated that in the borehole dominant period when the thermal mass
of the borehole alone was increased five times for a centered single-pipe geometry (Ar = 5),
the thermal gain was approximately 65%. For a two-pipe geometry, comparison between
conventional properties (Ar = 1, k r = 1, e = 0.5) and favorable properties (Ar = 5, k r = 1,
e = 0.16) showed a 42% thermal gain in the borehole dominant period. The amount of
thermal energy transferred in the borehole dominant period was approximately fifteen times
to that of the conventional properties. The results also indicated that moving the pipes
close to the centre was more favorable as it utilizes the entire thermal area of borehole. For
example, comparison between centered single-pipe and two-pipe with e = 0.5, the amount
of thermal energy transfer in the borehole dominant period was increased five times to
that of the two-pipe. Therefore, to extract maximum performance of GHE, increasing the
thermal mass ratio relative to conventional properties and placing the pipes close to the
center would be more favorable.
In the beginning of the ground dominant period, which refers to the time at which the
borehole attains quasi-steady, the thermal mass of the borehole and shankspace contribution
are insignificant. An expression to estimate the quasi-steady time for two-pipe geometry
was also formulated. However in between the borehole dominant period and the beginning
ground dominant period, referred to as transition period, the borehole properties cannot
be ignored. A correction factor for a centered single-pipe configuration, that estimates the
deviation between the widely used design standard that assumes borehole as quasi-steady
with unsteady ground and the unsteady borehole coupled with ground was also formulated.
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ABSTRACT

The design of vertical U-tube geothermal heat exchangers has received more atten
tion in recent years as it utilizes a stable thermal energy source, earth. Several studies,
both analytical and numerical were performed to predict the thermal behavior of these
systems. One of the widely recognized approaches was to consider the borehole as a simple
thermal resistance coupled with unsteady ground. This approximation leads to suggest
that the U-tube pipes should be placed further apart from each other which would in turn
reduce the thermal interference (short-circuit) between the pipes. Some recent studies paid
attention to the unsteadiness of the borehole and that it cannot be approximated as a simple
thermal resistance, but the solutions were formulated by completely ignoring the thermal
short-circuiting between the pipes. In this paper, the thermal interference between the two
pipes for the unsteady borehole were investigated for different thermophysical properties.
Solutions such as placing finite barrier in-between the pipes were suggested to reduce the
thermal interference. While the finite barrier configuration reduced the thermal interference
by 50%, it also reduced the thermal performance by 20%. Therefore, an inverse L-shaped
barrier around the outlet leg was suggested, and the results indicated that the the thermal
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interference was reduced by 50% but also improved the overall thermal performance was
by approximately 50%. Hence the inverse L-shaped barrier is proposed as a viable solution
to reduce the short-circuiting in this paper.
Keywords: thermal short-circuit, geothermal heat exchanger, borehole resistance, thermal
mass

1. INTRODUCTION

Geo-thermal heat exchange systems (GHE), uses renewable energy source, earth,
to heat or cool the buildings and has seen widespread use in several countries around the
world. These systems utlilizes stable ground temperatures to initiate heat transfer between
the thermally active ground and the circulating fluid. GHE systems are largely divided into
two main types, horizontal and vertical. The horizontal systems require a large surface area
where the pipes are buried few feet underneath the ground and placed horizontally to the
ground surface. Due to this limitation, vertical geo-thermal systems are used extensively in
commercial applications due to the advantage of using less confined space. Installation of
these vertical borehole systems involves drilling a borehole several hundred feet deep into
the earth, placing the U-bent pipe(s) and filling the empty space with the grout material.
The fluid, especially water, is circulated in these U-bent pipes that facilitates the thermal
energy transfer to the ground. Even though these systems are regarded as highly reliable,
efficient and incur low maintenance costs, they suffer from expensive initial cost due to the
borehole drill depth that is required to achieve appreciable heat transfer between the fluid
and the ground. Hence, several investigations were performed on these systems to predict
the actual thermal behavior which could potentially improve the cost savings.
The classical approach in predicting the performance of the GHE systems has been
to simplify the real two-pipe geometry to centered single-pipe geometry and assuming
borehole as a simple thermal resistance with unsteady ground. Focussing on the ground
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transients, Carslaw and Jaeger [1947] were the pioneers to provide analytical solutions for
the unsteady heat equation with constant heat flux at the borehole surface for a centered
single-pipe geometry. This solution was later recommended by Ingersoll et al. [1954] as a
suitable means for sizing the ground heat exchangers. Infact, this solution still remains as a
design standard for geothermal heat exchangers [ASHRAE, 2015]. Some authors identified
that the centered single-pipe geometry was just an approximation and does not reflect the
true two-pipe geometry. Hence they identified a technique called the equivalent radii (re)
where the pipe radius is increased by a certain fraction which decreases the grout volume
and then the capacity to be the same as two-pipe geometry. Bose [1984] proposed that
this equivalent radii to be 1.4 times the pipe radius, while Sutton et al. [2002] proposed a
new correlation for the equivalent radius, that is, re = rt,e~2nkbRb, where

represents the

radius of the borehole, kb represents borehole thermal conductivity and R'b represents the
unit length borehole resistance.
While some authors identified the shortcomings of assuming the borehole as a simple
thermal resistance, they retained the centered single-pipe assumption and investigated the
significance of thermal capacity of the borehole. Lamarche and Beauchamp [2007] provided
analytical solutions for unsteady borehole temperature for a centered single-pipe geometry,
wherein he considered both heat flux and convection boundary conditions at the pipe surface.
Shanker and Homan [2021] studied the significance thermal capacity of the borehole keeping
the true geometry but imposed adiabatic boundary condition at the outlet leg. These models
although provides a valuable insight to the relevance of thermal capacity of the borehole
and its significance, it completely ignores the thermal short-circuit behavior (pipe-to-pipe
resistance) in the borehole.
Although the centered single-pipe approach was widely recognized, the short-circuit
behavior was also given some attention. Different analytical approaches were attempted by
several authors to account for the pipe-to-pipe resistance. Bennet et al. [1987] provided
steady-state analytical solutions to compute the conductive heat flows to and between the
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pipes in a composite cylinder using the complicated multipole method.

These longer

multipole resistance expressions was then simplifed by Hellstrom [1991], who used line
source approximation to derive the pipe-to-pipe resistance expressions. In order to do so,
he considered a thermal delta-circuit model, where the short-circuit resistance is coupled
in parallel to sum of series fluid-to-ground resistances. He also compared his solutions
against the exact mulitpole method and suggested that his solutions incur less than 5% error
for typical shank-space configurations and the error ranges between 5-10% if the pipes are
placed at extreme positions with respect to the borehole surface. Eskilson and Claesson
[1988] used Hellstrom [1991] expression for resistances and proposed a numerical model
for thermally interacting boreholes.
Some authors relied on best-fit correlations rather than multipole and line source
approximation methods. Paul [1996] based on experimental tests proposed an expression
for the evaluation of the steady state borehole resistance. This expression was derived for
three shank-space configurations (distance between the pipes) which depicts that when the
U-tube pipes are kept further apart from each other, the pipe-to-pipe resistance increases,
which also agrees with Hellstrom’s [Hellstrom, 1991] line-source approximation. Hopkins
[1983], using numerical methods, studied the effect of thermal short-circuit between the
inlet and the outlet leg buried in the ground. He proposed that only a portion of the outlet
leg facing the heat source (half of the pipe circumference) is influenced and formulated
that the short-circuit effect is negligible when the pipes are placed at a distance of roughly
2.5 times the radius of the pipe. Kavanaugh [1985] proposed a new correlation for the
thermal short-circuit resistance for the pipes installed in the ground. For determining the
thermal short-circuit resistance he accounted for the convection resistance, pipe resistance
and the soil resistance. He also proposed that a significant percentage, 75%, of the shortcircuiting occurs from the midpoint of the U-tube riser to the outlet. His results also agree
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with Hopkins [1983] formulation. Sharqawy et al. [2009] derived best-fit correlations for
effective pipe-to-borehole thermal resistance based on two-dimensional numerical data with
constant pipe and borehole temperatures imposed at the respective surfaces.
For past few years, authors recommended the usage of four-resistance circuit model
for the U-tube ground heat exchanger. One such author was Lamarche et al. [2010], who
pointed out that the borehole surface temperature is not constant across its circumference
and proposed that use of the commonly used delta circuit for the borehole leads to negative
resistances between the pipes (short circuit resistance) and henceforth, the use of fourresistance model would be a ideal choice. He also pointed out that Bennet et al. [1987]
multipole method also supports his proposition. Liao et al. [2012] also recommended the
four-resistance model but proposed new correlations for resistances by accounting for the
non-uniform pipe temperature along its surface. Javed and Spitler [2016] calculated the
accuracy of short-circuit resistances developed so far by different authors and suggested
that the tenth-order multipole method is best suited for the calculation of the resistances
over a wide range of parameters. They also proposed that first-order multipole method also
provides excellent accuracy for conventional borehole design properties (two-legs of U-tube
which are symmetrically placed). All these proposed models recommend that keeping the
inlet and the outlet legs of the borehole further apart from each other would improve the
thermal performance.
Few authors kept the true geometry of the borehole and analysed the short term
transients of the borehole.

Yavuzturk and D.Spitler [1999] developed a transient two

dimensional numerical model on a polar grid to predict the short time response of the
borehole. The pipe surfaces were conformed to the polar grid, with an imposed heat flux.
They used Paul [1996]’s shape factor coeffecients that accounts for shankspacing to calculate
the borehole resistance and proposed short time g-functions. Young [2001] extended the
Carslaw and Jaeger [1947] model to account for pipe spacing relative to the borehole center,
known as shank-spacing, by introducing a grout allocation factor. This factor relegated a
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fraction of the grout from the outside borehole thermal resistance (sheath) to the inside
borehole thermal resistance (core). The grout allocation factor had to be calibrated to
individual cases. These models also suggest that the time varying resistance between the
pipes can be increased by keeping the pipe further apart which according to Shanker and
Homan [2021]would lead to ineffective utilization of borehole thermal area.
So far studies related to finding the appropriate expression for pipe-to-pipe resistance
was identified and all these studies relate to the same conclusion that keeping the pipes
further apart is favorable. Although, Mei and Baxter [1986] took a different approach to
increase the resistance between the pipes by installing a rubber insulation between the pipes
in U-tube iron-cased boreholes, and proposed that it caused more harm than good as it
reduced the total heat transfer inside the borehole. Hence, any insulations in between the
pipes was viewed as a drawback. However, the argument to the above approach is that after
a long duration, the iron-cased borehole will store large amounts of thermal energy that it
will act as a resistance to the flow of heat from the heat source to the ground.
These studies indicate that the scientific understanding about the thermal shortcircuiting for the unsteady borehole is still unclear and hence accurate performance pre
diction to discern the short-circuit behavior is required. In the present work, the thermal
short-circuit behavior is investigated and solutions to reduce the thermal short-circuiting
utilizing the borehole thermal capacity will be presented. The solutions include different
barrier configurations, such as finite barrier in between the pipes and an inverse L-shaped
barrier around the outlet leg. The thermal advantage for such configurations will be inves
tigated and the results will be presented. This paper treats the outlet leg of the U-tube as a
heat sink and hence, this imposed boundary condition negates the resistances between the
outlet leg and the borehole which makes the formulation of delta circuit and four resistance
thermal models redundant.
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Figure 1. Schematic of the downhole heat exchanger

Figure 2. U-tube Geometry without barrier

2. PROBLEM FORMULATION

A single vertical borehole with finite homogeneous ground is shown in Figure 1.
The fluid enters the U-tube pipes of the vertical borehole, represented by the inward arrow,
exhanges thermal energy with the ground via direct thermal contact and exits the borehole,
shown as outward arrow in the figure. The borehole (Q^) serves as an encapsulation between
the pipe and the ground (Qg). Since the ground temperatures are fairly stable even during
the seasonal variations, heat is extracted from the buildings and dissipated into the ground
during summer via circulating fluid and vice versa during winter. The top view of the
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(c) Perfect Thermal
barrier

Figure 3. U-tube Geometries with barrier configurations

vertical borehole with appropriate notations are shown in Figure 2. Due to the symmetry,
only half of the borehole is considered which saves considerable amount of computational
time. In the figure the dotted lines represent the computational boundary, located at a far
distance from the borehole surface. The borehole is divided into two sections, shown as 1
and 2 in the figure and the line that cuts through the center of the borehole is represented
as BB'. The inlet leg (pipe) at section 1 is considered to be heat source with isothermal
boundary condition and outlet leg (pipe) at section 2 is considered to be the heat sink
respectively. The two pipes are placed equidistant from the borehole centre at a distance 2s
as shown in the figure.
As discussed in the introduction section that different thermal barrier configurations
will be investigated to reduce the thermal short-circuiting, Figure 3 that represents all the
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barrier configurations used in this paper. The choices of these particular configurations,
Figures 3a and 3c, originate from the initial guess that installing an insulation between the
pipes will reduce the short-circuit behavior. However, the inverse L-shaped barrier, shown
in Figure 3b, transpired from the analysis that was performed in Figures 3a and 3c which
will be discussed in detail in Results and Discussion section. The shaded block regions in
the borehole in Figure 3a and Figure 3b represents the thermal barrier or insulators of low
conductivity where L, b and h represents length, width and height of the barrier respectively.
Figure 3c represents the perfect barrier (temperature gradients are zero along BB' section)
geometry. In Figure 3(a), barrier is placed exactly at the centre of the borehole with the
length of the barrier, L, to be 0.5r^ and width, b to be 0.4r^ However, in Figure 3(b), the
barrier is placed offset from the borehole centre and almost wrapped around the outlet leg
with L, to be 0 .13r^, width, b to be 0 .16r^ and height, h, is picked in a way to be little more
than 2r* . These dimensions are kept constant throughout this paper and are picked in a way
to keep the feasibility of the solutions intact. In all the geometries in Figure 2 and Figure
3, the pipes and the computational domain are considered as isothermal surfaces. From
hereon, Figure 3a is referred as finite barrier, Figure 3b is referred as finite barrier close to
the outlet leg or inverse L-shaped barrier and Figure 3c is referred as perfect thermal barrier
or hypothetical barrier.

2.1. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
The governing equation for unsteady heat transfer via conduction is the well-known

f M
=“

-

(1)

In order to non-dimensionalize the above equation, we chose the diffusive time scale
(t = r2/ a g) for the ground because the ground heat transfer is generally the limiting transfer
process, with

the radius of the borehole and a g the thermal diffusivity of the ground.
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Hence, the non-dimensionalized time and radial coordinates are given by,

a g{ .
T = J2 .
b
r =

r

(2)

(3)

rb

With these time and length scales, non-dimensionalizing the governing equations and
boundary conditions identifies the following parameters

dr =

ab 1
kb
s
. kr =
. 6= .
ag
Kg
rb

(4)

where s is the dimensional shankspace in metres, ab is the thermal diffusivity of the
borehole, kb is the thermal conductivity of the borehole and kg is the thermal conductivity
of the ground. The dimensionless shankspace, e, is also known as the eccentricity, as in
Lamarche [2015], Yavuzturk and D.Spitler [1999], Young [2001]. The non-dimensional
temperature then is defined by,
* _ T -T cg™
±p

(5)

±g,™

where Tg,™ is the ground temperature at the computational boundary.

Distinguishing

between the borehole and the ground respectively, the non-dimensional diffusion equations
reduce to,
dT*
dr

kr | ^*2^*
Xr
"

dT* _ ^ *2^*
dr

(6)

(7)

where
, = (pCp )b
r = X p^ph,

(8)

T* represents the dimensionless temperature within the borehole domain, Q.b, and T*
represents the dimensionless temperature within the ground domain, Qg.
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For the geometries with thermal barrier, Figure 3(a) and Figure 3(b), the corre
sponding non-dimensional diffusion equation for the barrier becomes,
9TZ
dr

k tb T7*2t-'*
1ins
^tb

(9)

where,
^tb —

(pCp )ins
kins
L
b
; ^tb —
; L — ; b —
(pCp )g
kg
rb
rb

h
h — ;
rb

(10)

and the subscript ins represents insulation. The boundary conditions imposed are

t;

^ t (d a P2) —0;

rpl —t ; (d n p l) — 1 .

(11)

The subscripts 1 and 2 correspond to pipes in domains 1 and 2 respectively. The initial
conditions are
t;

(0,

) —t ; (0, a b) —T*ns (0, &ins) —0;

(12)

A noteworthy point is that, both pipe 2 (outlet pipe) and the ground are considered as heat
sink. This boundary condition gives rise to a simple parallel resistance circuit as opposed
to delta circuit or four resistance circuit (as formulated by different authors) where pipe 2 is
also considered as a heat source.

2.2. NUMERICAL METHODS
The coupled diffusion equations Eqs.(6), (7) and (9), are solved in OpenFoam [Nobrega and Jasak, 2019], an open source C++ software tool, based upon the finite volume
method that contains numerical solvers and utilities providing solutions to computational
mechanics problems. In the present study, the ChtMultiRegionFoam solver is employed,
since this solver, specifically treats conjugate heat transfer between regions with distinct
fluid or solid properties. The geometries shown in Figures 2 and 3 are drawn and meshed in
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Ansys [Swanson, 1998], exported to OpenFoam format and then solved in OpenFoam. The
Crank-Nicholson scheme, is used for the time derivative, thereby second order accurate,
while a Gaussian integration scheme is employed for the spatial derivatives.

2.3. GRID RESOLUTION
Grid resolution becomes necessary to test the accuracy of numerical results and
hence choosing a proper element size (Ar) and time-step size becomes essential. In our pre
vious work[Shanker and Homan, 2021], which uses similar geometry, we have established
a criteria for selecting the appropriate grid size. However, to avoid ambiguity, we would
like to present the criteria in this paper.
Although an implicit time integration scheme is used, to choose an appropriate
time-step size, At and element size, A r, the explicit stability criteria is used as a guide,

m ax

a gAt ab At
A r2 ’ Ar2

1
< < 4

(13)

which, in dimensionless form is,
11
1 Ar *2 \
Atsc < m i n i - A r *2, ------ ,
\4
4 ar f

(14)

where A t = (a gA t)/r^. The overall computational run time obviously depends upon the
computational domain size and therefore, one seeks balance between domain size (r*) and
negligible impact on the results. The temperature probes at locations, r * = 0.7r* and
0 .9 r* , were used to verify that the computational domain boundary was well outside the
thermally affected zone.
The analytical solution of Lamarche [Lamarche and Beauchamp, 2007] with im
posed heat flux provides an invaluable point of comparison for the numerical accuracy of
the grid selected. A constant heat flux was imposed at the surface of a centered single-pipe
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Table 1. The L 2-norm errors calculated to study the effect of grid resolution for a r = 1,
r*p =0.1, r « 0.3

Ar *

A£ * = A t /A tsc

At (s)

Ar (m)

lletllp

IMIi

IM2

1/20

1

1.5

3E-3

0.25

0.0257

0.044

1/50

1

0.25

1.2E-3

0.031

0.0062

0.0078

1/100

1

0.05

6E-4

0.009

0.0029

0.00089

1/50

2

0.5

1.2E-3

0.044

0.0084

0.012

1/100

2

0.1

6E-4

0.013

0.0044

0.0014

1/50

4

1

1.2E-3

0.063

0.0107

0.0194

1/100

4

0.2

6E-4

0.018

0.0063

0.0024

geometry and the impact of grid resolution computed as the L2-norm error between the
analytical and numerical solution. These numerical solutions for grid study were run for
an integrated time period of t « 0.3, based on the assumed penetration depth (b) to be
approximately 0.5r^, 5 = 0 . 5 . This penetration depth could be defined as the depth to
which the thermal boundary condition propagates into the medium and mathematically it is
proportional to the time taken, 5 rc -\[ai. The time-step size and element size were varied
according to the stability criteria defined and the results tabulated in Table 1. The L2-norm
error between the analytical and numerical solution is calculated by,

( | | | | ) 2 = - i [ A r * Y ( T ( t k)analyt - T (tk)num)2]
rb
k

(15)

where T (t)anaiyt is the true value corresponding to the analytical solution given by Lamarche
[Lamarche and Beauchamp, 2007] and T (t)num is the numerical approximation. An im
portant note is that the grid utilized in the present investigation is non-uniform in r as Ar
is allowed to vary by a factor of 1.2 from r * = 5 but is constrained in such a way that
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the maximum element size does not exceed the selected element size (Ar *) by an order of
magnitude. The uniform mesh size upto 5

is selected such that the penetration depth is

well within 5r^ for the total run time period.
The L2-norm errors calculated along the pipe surface, temperature locations at 20%
rb and 50%

are represented as ||e t ||P, and ||e t ||i and \\e t||2 in the table. Considering

a case where Ar * = 1/50, A£* = 2 (time-step size) and Ar * = 1/100, A£* = 1 reducing the
mesh size and time-step size by a factor of 2, the error in the temperature is reduced almost
by a factor of 4. Taking computational time and errors into consideration, a dimensional
time-step size of At = 1 s, element size of Ar = 0.0012 m was utilized throughout the
present investigation (both centered-single pipe and two-pipe geometry). For a range of
thermal parameters chosen, which will be discussed in the next section, the time taken for the
borehole to attain quasi-steady was approximated to be atmost r= 18 which corresponds to
5* rc 4. Since a wide range of thermal parameters will be used in this paper, a computational
domain size of r* = 33 was considered, which is an order of magnitude greater than 5* for
t =18,

r* >> S*.

3. RESULTS AND DISCUSSION

Recognizing the importance of short-circuiting heat losses between the two pipes
of the U-tube, the widely recognized ASHRAE design method accounts for these losses in
terms of heat loss factor and has been estimated to be between 4% and 6% [Kavanaugh,
1985]. This estimate was based on a summation of convective resistance of the fluid, pipe-towall resistance and the pipe-to-pipe resistance approximated under steady-state conditions.
In GHE, the ground resistance calculated for a typical heat transfer per unit length (q' = 3
W /m ) and temperature difference (AT = 10 K) is found to be 3 m-K/W . The pipe-to-pipe
resistance calculated for typical pipe diameter and distance between the pipes using simple
shape factor correlations is estimated to be 0.5 m-K/W . This value is more than 15% of
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the ground resistance implying the heat losses would likely be more than 6%, ignoring
convection and pipe-to-wall resistance. Hence the short-circuit behavior could be more
significant than often presumed. Recognizing the significance of short-circuit behavior,
several authors suggested delta circuit or four-resistance model to compute the pipe-to-pipe
resistance for a steady-state borehole [Eskilson and Claesson, 1988, Lamarche et al., 2010,
Liao et al., 2012]. To reduce the short-circuiting behavior, from a quasi-steady thermal
resistance view point, it would seem to be as simple as maximizing the pipe spacing within
the borehole. However, the borehole is considerably unsteady and hence investigating the
short-circuiting behavior with respect to time becomes necessary.
The numerical solutions obtained from OpenFoam were analyzed to study the effect
of thermal short-circuiting on the performance of heat exchangers. The thermal parameters
considered for these simulations were taken from ASHRAE handbook [ASHRAE, 2015].
The range of these parameters used in this paper are listed in Table 2. In order to have
the least conductive material for the barrier, properties to that of styrofoam is used. The
conventional design standards for choosing the borehole properties is that to keep the thermal
properties as similar to that of the ground properties and placing the pipes at half the radius
of the borehole [ASHRAE, 2015]. However, in our previous work, we have established
that increasing the borehole thermal properties relative to ground, and placing the pipes
as close to the center is favorable. In this paper, we have used both conventional and
favorable properties to make the comparison justifiable for different barrier configurations.
The properties with Ar = 0.85, k r = 0.85, e = 0.5 is regarded as conventional or typical
properties and the properties Ar = 15, k r = 3,e = 0.5 is regarded as favorable properties.
The shank-space is not altered for the favorable properties to allow some space for the
barrier placement.
In our previous work, we treated the outlet leg to be adiabatic and investigated the
significance of borehole thermal capacity. It was concluded that if the borehole thermal mass
is increased to that of of the ground thermal mass, the thermal performance is improved.
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Table 2. Typical range of non-dimensional parameters

Parameters

Minimum

Maximum

ar

0.2

1

kr

0.85

3

&tb

0.4

0.4

k tb

0.015

0.015

TP
*

0.1

0.1

*

rb
L*

1

1

0.13

0.5

b*

0.16

0.4

h*

0.21

0.21

'To*o

33

33

e

0.5

0.5

T

0.3

18

However, treating the outlet leg to be adiabatic separates the short-circuiting between the
pipes and hence, Figure 4 was plotted that shows the temperature contours for both adiabatic
and isothermal boundary condition at the outlet leg for conventional properties. The time
period in this figure is selected in such a way that the 1% isotherm in the adiabatic boundary
condition reaches the other half of the borehole surface on the outlet leg side. A clear
distinguishable differences can be seen in the distribution of isotherms in these two separate
boundary conditions. As one would expect, the adiabatic boundary condition (Figure 4a)
does not provide any hindrance to the heat flow and it can be seen that the isotherms spread
across the entire borehole. However, in Figure 4b, an arbitrary amount of thermal energy
is absorbed by the outlet leg that limits the heat transfer to the ground and hence the 1%
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(a) Adiabatic boundary condition at outlet leg

(b) isothermal boundary condition at outlet leg

Figure 4. Borehole Temperature contours for adiabatic and isothermal boundary condition
for Ar = 0.85, k r = 0.85, e = 0.5 at r = 0.22

Qp 1

^ E st
^

qPi

^

qb

Figure 5. Thermal circuit of heat exchanger

isotherm reaches only a small portion of the borehole surface in the domain 2. Roughly
12% of the borehole surface area in domain 2 is unaffected from the heat source for the
given time period.
There exists a pipe-to-pipe resistance due to the temperature difference between the
inlet leg and the outlet leg and with outlet leg treated as a heat sink, a parallel thermal circuit
of the heat exchanger can be developed as shown in Figure 5, where q'p1 represents the heat
transfer per unit length from the first pipe, E st represents the rate of change of thermal
energy stored by the borehole, q'p2 represents the heat transfer per unit length to the second
pipe, q'b represents heat transfer per unit length from the borehole surface. These elements
in the parallel circuit is studied independently and its effects with respect to different barrier
configurations are explained in the following sections.
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(a) Ar = 0.85, k r = 0.85, e = 0.5

(b) Ar = 15, kr = 3,e = 0.5

Figure 6. Variation of heat transfer per unit length at the outlet leg with respect to time.
Solid lines represent geometry without barrier, dashed line represent finite barrier and
dashed dotted line represents finite barrier close to outlet leg.

3.1. THERMAL SHORT-CIRCUIT
In this section, one of the elements in the parallel circuit, that is heat transfer per
unit length to the outlet leg q'p2, is investigated. The quantification of the heat transfer to
the outlet leg for different thermophysical properties could provide insight to the thermal
short-circuit behavior. The rate of heat transfer per unit length at the pipe can be expressed
as
q'p = - 2nrp k b^ - \ r=rp

(16)

and q'p can be calculated for respective inlet and outlet leg. The heat transfer per unit length
to the outlet leg is normalized relative to the inlet leg and represented as Q*p2=Q'p2l Q'p1. This
ratio is plotted against a time interval period of upto r = 4.3 (t « 10000s) which corresponds
to approximately three hours of pump operation, Figure 6. Both conventional and favorable
properties are considered and q*p2 is calculated for respective barrier and without-barrier
configurations. It is evident from this figure that the short circuit behavior is significant for
geometry without barrier, represented by solid lines in the Figure 6. However, installation
of thermal barrier between the pipes decay the heat transfer to the outlet leg significantly
to almost less than half. It is clear from the comparison that the thermal barrier provides

71

Figure 7. Heat transfer per unit length across vertical section BB’ vs time. Solid lines
represent geometry without barrier, dashed line represent finite barrier and dashed dotted
line represents finite barrier close to outlet leg. [1] and [2] -Conventional properties.
[3], [4] and [5] -favorable properties

a significant advantage in reducing the heat transfer to the outlet leg. From the direction
of heat flow stand point (Figure 5), an assertion can be made for geometry with barrier
that, at t = 4.3 roughly 83% of the thermal energy is directed to soaking of energy in the
borehole(£%) and ground (qb). Similar behavior can be seen in Figure 6(b) for favorable
thermophysical properties. Negligible increase in heat transfer for the finite barrier close to
outlet leg (dash-dotted lines) for a very short time (r < 2) can be explained by relatively less
resistance (b* = 0.16) that this configuration offers compared with finite barrier (b* = 0.4).
If one were to compare the short-circuiting between conventional properties and favorable
properties for geometry without barrier (solid lines in Figure 6(a) and 6(b)) a 11% increase in
heat transfer to the second pipe for favorable properties can be noticed. However, installing
a finite barrier reduces this difference to 5% (dashed line in Figure 6(a) and 6(b)).
Since the focus of this section has been on the thermal short-circuit behavior, a
vertical section (BB’) that divides the borehole into half is considered to investigate the
heat flow across this section, Figure 7. An important observation can be made for both
conventional and favorable properties, that with finite barrier in place, the heat transfer
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Figure 8. Heat flux variation along the outlet leg with respect to (p at r « 4.3. Solid
lines represent geometry without barrier, dashed line represent finite barrier and dashed
dotted line represents finite barrier close to outlet leg. [ 1] and [2] -Conventional properties.
[3], [4] and [5] -favorable properties. Filled markers and unfilled markers are shown to
represent that 1 and 3 overlay on each other and similarly for 2 and 4.

across this section of the borehole is reduced to almost half, a similar conclusion that was
drawn for the heat losses to the outlet leg (Figure 6). Hence, the barrier acts as a heat dump
and does not allow the transfer of thermal energy to the outlet leg. However in curve 5,
which corresponds to an inverse L-shaped barrier close to outlet leg, significant thermal
energy is allowed to cross this section as compared to the finite barrier. In fact it restricts
just 10% thermal energy as compared to curve 3 at r « 4.3. These findings imply that the
position and placement of the barrier with respect to the outlet leg plays an significant role
in allowing the heat transfer across the other side of the borehole.
Since only a portion of the outlet leg faces the heat source, the heat loss to the
outlet leg would be non uniform and hence, Figure 8 is plotted to quanitfy the local heat flux
variation along the outlet leg. This figure was plotted by calculating the local heat flux at the
outlet leg, g" {, divided by its average, g " . The key insight that can be drawn from the figure is
the strong heat flux variation over <pfor different barrier and without-barrier configurations.
Due to the overlap of the curves, plot symbols marked with appropriate labels are used
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to show the different configurations and lines are drawn intersecting those symbols to
signify the overlap. Curves 1 and 3 which represents without-barrier configuration, shows
a significant variation for <p > 0, as this section of the outlet leg faces the heat source, while
curves 2 and 4 do not show such a strong variation and almost remains constant over the
entire <p. A simple noteworthy point is that curves 1 and 3 strongly agrees with Hopkins
[1983] hypothesis that only half of the curvature of the pipe is significantly affected from
the heat source when the distance between the pipes is 2.5 times the radius of the pipe.
However, for the finite barrier close to the second pipe, curve 5, shows a significant variation
with respect to the azimuthal angle and the exposed surface of the outlet leg, that is, for
<p < 0 the heat flux variation is almost an order of magnitude to that of <p > 0.
The composite system of borehole and ground makes it convenient to work with an
overall conductance defined by:
UA
Lb

1
= UPb,
R'

(17)

where P b = 2n rb is the perimeter of the borehole, A is the borehole surface area, L b is the
length of the vertical borehole. Equivalently, the thermal conductance can be viewed as a
unit-length resistance, denoted by R'. Non-dimensionalizing the conductance, U, by k g/ rb,
U
=
1
(kg/r b) (k g/ r b)(2 n r b) R'

(18)

gives,
U*

1
2 n kgR '

(19)

Explicitly identifying the total composite conductance by the subscript to t, allows it to be
directly related to the overall pipe-to-ground temperature difference and the difference in
average heat flux between the thermally-active pipe surface, qp1”, and heat sink, qp2”. Since
the area-average heat fluxes varies in time, this equation provides the defining expression

74

(a) Total conductance vs time

(b) Reduced scale of the above image

Figure 9. Total conductance plotted against time. Solid lines represent geometry without
barrier, dashed line represent finite barrier, dashed dotted line represents finite barrier
close to outlet leg and dotted symbol represent perfect thermal barrier. [1], [2] and [6] Conventional properties. [3], [4] and [5] -favorable properties

for U* ,
1
U* =
tot 2nkgR'tot
^g tot

(< 1 - <&)*>
k g(Tp
g( P- 7 _g,) '

(20)

In fact this total conductance expressed above allows to quantify the thermal performance
for different barrier configurations. This total conductance was plotted against time for both
favorable and conventional properties, Figure 9. In Figure 9(a), the thermal advantage of the
favorable properties over conventional properties over a short period of time, t < 3.5, can
be clearly observed. To look further into the differences in conductance between the barrier
and without-barrier configurations, Figure 9(b), a reduced scale from t = 2 to t = 4.3 is
shown. The results are surprising when the total conductance decreases for a finite barrier
with favorable properties, curve 4, when compared to without-barrier configuration, curve
3. Calculating the time-averaged conductances, a drop of 20% in thermal performance is
noticed in curve 4 compared to curve 3. This drop in conductance for the finite barrier is
due to the barrier placement that casts a shadow on the other side of the borehole surface
(domain 2) thereby reducing the accessibility to the borehole surface area. This led to the
thought process of changing the barrier placement and its shape. Hence, the finite barrier
close to the outlet leg geometry was developed. Its corresponding total conductance plot,
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curve 5, provides roughly 50% increase in average conductance over curve 3, due to the
increased accessiblity to the borehole surface area in domain 2 along with minimal loss
of thermal capacity. The total conductance for the typical properties along with perfect
thermal barrier configuration almost overlaps with each other (curve 1, 2 and 6 in Figure
9b). This is due to the fact that borehole attains quasi-steady at an earlier time and hence all
the curves overlap each other. From this section one can discern that for the finite barrier
that is kept in between the pipes, the conductance drops by atleast 20% but reduces the
short-circuiting heat losses by 50% (Figure 6) whereas, for the finite barrier close to the
outlet leg, conductance increases by 50% with 50% reduction in short-circuiting heat losses
(Figure 6b).

3.2. BOREHOLE THERMAL MASS EFFECT
The transient nature of the borehole signifies that the thermal capacity (ability of
the material to store thermal energy) is relevant. However, due to the barrier placement,
a certain fraction of borehole material is removed which could impact the overall energy
storage in the borehole. Due consideration should be given to the energy storage in domain
2 as it is intuitive that significant impact may be noticed in this domain due to the barrier
placement. Applying energy balance to the domain 2,

Est<2> = q*BB'- q*P2 - q*bI<2>

(21)

where E st<2> represents the rate of change of thermal energy (energy storage) stored by the
borehole in domain 2, q*BB, represents heat transfer per unit length across vertical section
BB’, q*p2 represents heat transfer per unit length to the outlet leg and q*b|<2> represents
heat transfer per unit length along the borehole surface in domain 2. The rate of change of
thermal energy and the individual normalized heat transfer rates along each surfaces were
plotted against time as shown in Figure 10(a) and 10(b). From Figure 10(a) the rate of
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(a)

(b)

Figure 10. a) Rate of change of thermal energy storage in domain 2 and b) heat transfer per
unit length across different surfaces plotted against time for typical properties. Solid lines
represent geometry without barrier and dashed line represent finite barrier

change of energy storage in domain 2 for typical properties without barrier is higher than
that of the finite barrier for the entire time period. Specifically at r « 0.5, the rate of change
of thermal energy reaches a peak which is almost an order of magnitude higher than that of
the finite barrier. This significant variation in energy storage is influenced by the thermal
energy transfer crossing the borehole section BB’ and the thermal capacity that is directly
available for the heat source to soak up thermal energy. Figure 10(b) provides another
similar visual representation to Figure 10(a). The y label, qsurf in the plot is designated
to indicate the heat transfer across different surfaces, pipe surface, vertical section (BB’)
and borehole surface. As expected, limiting the thermal energy transfer across the vertical
section reduces the heat transfer to the outlet leg. However, even with barrier placement, a
considerable fraction of the thermal energy crossing the vertical section, dissipates to the
outlet leg (q*p2) when compared to the ground (q*b | <2>) as the heat travels the least resistance
path. Quantitatively 77% of q*BB, dissipates to q*p2 for without-barrier configuration while
60% of q*BB, dissipates to outlet leg for the finite barrier configuration.
As just noted that the barrier placement restricts the thermal energy diffusion to the
domain 2, the thermal energy storage in the borehole domain is expected to vary between
different configurations. Figure 11 shows thermal energy storage in domain 1 with respect
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r

Figure 11. Area average temperature in domain 1 with respect to time. Solid lines represent
geometry without barrier, dashed line represent finite barrier, dashed dotted line represents
finite barrier close to outlet leg and dotted symbol represent perfect thermal barrier. [1], [2]
and [6] -Conventional properties. [3], [4] and [5] -favorable properties

to time. An easy observation can be made from the figure that the favorable properties
increases the domain temperature by 20% to that of typical properties at r « 4.3, indicating
a increase in thermal energy storage. For both typical and favorable properties with barrier
configurations, any restriction provided to the dissipation of heat to the domain 2 increases
the domain 1 temperature. For instance, approximately 10% increase in average temperature
can be noticed for geometries with finite barrier compared to without-barrier configuration
at t « 4.3 (curve 1,2 and curve 3,4). However, just 8% increase in average temperature
for finite barrier close to the outlet leg was noticed when compared to without-barrier
configuration (curve 3 and 5). However, curve 6 pertaining to the hypothetical perfect
thermal barrier increases the domain 1 temperature by almost 30% as the temperature
gradient across the barrier is zero. Hence it can concluded that barrier configurations
indeed have certain effect on the thermal energy storage in domain 1.
Similarly, thermal energy storage in domain 2 was investigated, Figure 12. With the
heat source placed in domain 1 and with the finite barrier in the middle of the borehole,
the temperature in domain 2 is reduced by approximately 20% between geometry with
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r

Figure 12. Area average temperature in domain 2 with respect to time. Solid lines
represent geometry without barrier, dashed line represent finite barrier and dashed dotted
line represents finite barrier close to outlet leg. [1] and [2] -Conventional properties.
[3], [4] and [5] -favorable properties

finite barrier and without barrier for similar properties. The effects are indeed opposite
to that seen in domain 1 (Figure 11). However, for the barrier close to the outlet leg,
the domain temperature shows approximately 40% increase with respect to without-barrier
configuration.
Figure 13 shows the area average temperature in the entire borehole domain, in
other words the area-average temperature of both domain 1 and domain 2. The average
borehole temperature remains almost identical between the geometries with finite barrier and
without barrier for similar thermal properties. It is due to the fact that the increase in average
temperature in domain 1 for finite barrier is compensated by reduction in average temperature
in domain 2. However, for the finite barrier close to the outlet leg the borehole domain
temperature stills shows a remains with 25% increase in borehole domain temperature due
to the significant temperature increase in domain 2 as noticed in Figure 12. Therefore to
conclude, the thermal energy storage did not show any appreciable difference between the
finite barrier and without-barrier configurations with the exception of the finite barrier close
to the outlet leg.
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Figure 13. Area average temperature in borehole domain with respect to time. Solid
lines represent geometry without barrier, dashed line represent finite barrier and dashed
dotted line represents finite barrier close to outlet leg. [ 1] and [2] -Conventional properties.
[3], [4] and [5] -favorable properties

3.3. BOREHOLE SURFACE AREA EFFECT
Since the heat transfer rate is dependent on borehole surface area and any loss in
accessibility to the thermal area due to the barrier placement will strongly influence the
thermal performance. Hence, the heat transfer influence on borehole surface area due to
barrier configurations are investigated in this section. Figure 14 represents the heat transfer
from the inlet leg against time. For proper scaling, Lamarche’s [Lamarche and Beauchamp,
2007] analytical solution for the centered single-pipe geometry for a convective heat transfer
at the pipe is considered. For large heat transfer coefficient, h ^ to, the convective boundary
condition could be considered as an isothermal pipe surface. The notation, q'p a, represents
the averaged heat transfer per unit length integrated over a time period of r = 4.3. The
solution in non-dimensional form is,
8r *2
V (r * r) = 1

L

^ 3k r o

„ -(^2^ )
le
p
yS3(<p2e + ^ 2)

dj3

(22)
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Figure 14. Variation of heat transfer per unit length from the inlet leg normalized against
the analytical solution for a centered single-pipe geometry, Eq.(22). Solid lines represent
geometry without barrier, dashed line represent finite barrier, dashed dotted line represents
finite barrier close to outlet leg and dotted symbol represent perfect thermal barrier. [1], [2]
and [6] -Conventional properties. [3], [4] and [5] -favorable properties

where,
Y = Yo(£r*p)Jo(y8) - Jo (fir*p)Yo (y8)

(23)

<Pe = J0(yS)[J0(^V®r)Y 1(P) - J 1(PP®r)Y0(P)

]
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(24)
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rp
It could be clearly noticed in the figure that the heat transfer drops for finite barrier con
figurations when compared to without-barrier configurations (curves 1,2 and 3,4). On an
average this drop is approximately 40% for the time period under consideration. This drop
in heat transfer can be explained by the fact that the accessibility to the borehole thermal
area in domain 2 is significantly reduced due to the barrier placement at the centre of the
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Figure 15. Heat transfer per unit length along the borehole surface with respect to time. Solid
lines represent geometry without barrier, dashed line represent finite barrier, dashed dotted
line represents finite barrier close to outlet leg and dotted symbol represent perfect thermal
barrier. [1], [2] and [6] -Conventional properties. [3], [4] and [5] -favorable properties

borehole. However, the finite barrier close to the outlet leg shows a negligible reduction in
heat transfer as the borehole surface area affected is minimum, thereby providing a better
thermal advantage. An important noteworthy point is that decline of heat transfer for the
finite barrier configurations is not compensated by the reduction in heat losses to the outlet
leg (Figure 6), and hence, the thermal performance still shows a 20% decline (Refer Figure
9).
Figure 15 provides quantification of the thermal energy flow into the ground for both
favorable and typical properties. An important observation can be made from the figure
is that, placing the barrier directs the thermal energy flow to the ground rather than to the
outlet leg. For example, for typical properties, at r « 4.3, approximately 30% increase for
the finite barrier and almost 50% increase for the perfect thermal barrier is noticed when
compared to without-barrier configuration (curve 1). Similar trend can be observed for
the favorable properties, curves 3 and 4. However, just 15% increase is observed for the
finite barrier closed to outlet leg. Clearly, barrier placement drives a significant amount of
thermal energy to the ground.
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Figure 16. Heat flux variation along the borehole surface at r « 4.3. Solid lines represent
geometry without barrier, dashed line represent finite barrier, dashed dotted line represents
finite barrier close to outlet leg and dotted symbol represent perfect thermal barrier. [1], [2]
and [6] -Conventional properties. [3], [4] and [5] -favorable properties.

To allow for comparison of heat flux variation along the borehole surface between
geometries with barrier and without barrier, Figure 16 was shown. This figure is plotted
by taking the ratio of local heat flux along the borehole surface to the average heat flux at
typical properties. As expected, the without-barrier configurations (curves 1 and 3), shows
a significant increase in heat flux along the borehole surface in the range 0 < <p < 90 as the
heat source is placed in domain 1. The, barrier placement drives the heat flow along the
y-direction, which is more visible for the perfect thermal barrier (curve 6) which shows 80%
increase in local heat flux in the range 0 < <p < 40 when compared against without-barrier
configuration (curve 1). The finite barrier configurations (curves 2 and 4) show a small
variation in heat flux when compared to their respective without-barrier configurations. A
small increase in q” for <p > 0 and a small decline for <p < 0 can be observed for finite
barrier configurations. However, the inverse L-shaped configuration, shows a significant
deviation in local heat flux in the range -9 0 < <p < 0 and almost negligible deviation in the
range 25 < <p < 90. This is due to the barrier placed in domain 2 that drives the heat flow
in the y-direction in domain 2 and partly in domain 1.
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4. CONCLUSIONS

In this paper, numerical simulations were performed to study the thermal shortcircuit behavior between the pipes of the vertical U-tube geothermal heat exchangers. The
borehole coupled with ground is treated as unsteady with the inlet leg of the U-tube imposed
as a heat source and the outlet leg imposed as a heat sink. Both conventional properties
that are commonly used and the favorable properties that has improved thermal properties
relative to the ground were considered. The results indicated that for typical or conventional
properties of the borehole, 35% of the thermal energy and for favorable properties 45%
of the thermal energy is lost to the outlet leg. This is a significant negative effect on the
performance of the heat exchanger, given the high installation costs that incurs in drilling
the ground for several hundred feet. To reduce this negative impact, solutions were offered
to reduce the thermal short-circuiting. One of the solutions presented was installing a finite
barrier (insulator) in between the pipes. This barrier configuration even though reduced the
thermal short-circuiting for favorable properties, it also reduced the thermal performance by
20%. Closer examination revealed that due to the barrier placement, the borehole surface
area near the outlet leg was not effectively utilized near the outlet leg domain. Considering
this effect, an inverse L-shaped barrier enclosing the outlet leg was suggested to improve
the utilization of the borehole surface area in domain 2. The results were analyzed and
it showed a 50% increase in thermal performance with just 20% heat losses for favorable
properties. Therefore a clear thermal advantage can be noticed for installing the barrier
close to and encircling the outlet leg which could be a potential solution to mitigate the
thermal short-circuit behavior.
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ABSTRACT

Multi-dimensional natural convection and mixed convection have been studied nu
merically for the vertical borehole, a heated cylinder characterized by length Lb and diameter
D , of a ground source heat pump in a fluid-saturated porous medium. The effect of natural
convection over a range of ground properties characterized by Rayleigh number is found
to be significant and deviates strongly from boundary layer solutions for Rayleigh number
RaL < 106, due to the flow turning required by the ground surface. Only at Rayleigh num
bers of less than 103 can the heat transfer be treated as simple conduction, with the deviation
less than approximately 5%, for fluid-saturated soil properties. The presence of groundwa
ter flow, due to a hydraulic gradient produces mixed convection leading to convective heat
transfer depending also upon Peclet number (PeD). A sufficient range of properties are ex
amined such that the multi-dimensional mixed convection is shown to be captured between
asymptotes to natural and forced convection. The dimensionless group (L b /D ) a/P eD/R aL
is shown to parameterize the variation between these two limits, with values in the order
one range corresponding to transition between the limiting behaviors. Finally, a correlation
encompassing all three regimes, natural, forced and mixed, is proposed.
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1. INTRODUCTION

Interest in low-temperature geothermal energy has continued to develop in recent
years due to the increases in heat pump efficiency made possible by using the ground as
a heat source or a heat sink. The widespread availability of large-scale geothermal heat
pumps has allowed the technology to find application in both industrial and commercial
applications, in addition to residential applications. A low-temperature geothermal system
consists of two basic components: a heat pump and a ground heat exchanger, thermally
connected by a transport fluid, to exchange heat with the ground. A common form of
the ground heat exchanger uses a fluid circulating inside of a U-tube pipe encased in a
grout-filled vertical borehole. The fluid loses or gains thermal energy via exchange with
the ground as it is pumped through the pipe in the vertical borehole. The overall size of
the ground heat exchanger is dictated by the number of boreholes and their length. Due to
its low maintenance cost and the savings realized by the favorable heat pump temperature
difference, these systems are now being used in a wide variety of applications. Examples
include space heating and air-conditioning, waste heat recovery, power stations, petroleum
refineries and chemical processing such as sterilizing and pasteurizing, among many others
[ASHRAE, 2015, Chiasson et al., 2000, Lamarche and Beauchamp, 2007].
As applications have widened, an increasing number of studies have sought to
characterize and improve the performance of these systems. The simplest approach to
characterize the borehole to ground heat transfer process is to presume the thermal transfer
in the soil is strictly a conduction process [Bose, 1984, Carslaw and Jaeger, 1947, Eskilson
and Claesson, 1988, Hellstrom, 1991, Kavanaugh, 1985, Lamarche and Beauchamp, 2007,
Paul, 1996, Sutton et al., 2002]. In fact, the accepted ASHRAE design method [ASHRAE,
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2015], is based on just such a conduction model and is extensively used to estimate the
required number and depth of vertical boreholes. The engineering concern however, is that
a conduction model for the ground provides an overly conservative design that leads to a
heavy first cost, due to excess borehole surface area. Since the borehole construction process
typically involves drilling many holes of a hundred or more meters deep, any excess in either
the number or length of the borehole raises the first cost unnecessarily. Thus, in concert
with the recognition that, for many geographic regions, the ground has finite porosity with
appreciable ground water levels, quantifying the role of the convective processes in the soil
medium is a critical step forward to lower costs and more accurate performance estimation.
While not part of widely used borehole heat exchanger (BHE) design methods,
several efforts to quantify the influence of porous media convection on thermal transport
have been published. Kimura [1989] developed transient solutions for forced convection
around an isolated cylinder in porous media, which can be viewed as a reasonable model
for ground water flow past a single vertical borehole. Both steady state and transient heat
transfer solutions as a function of Peclet number were provided. The work also showed that
the time to reach steady state is inversely proportional to Peclet numbers between 3 and 80.
Chiasson et al. [2000] studied the effects of groundwater advection, in a horizontal plane,
on ground-source heat pump systems for various geological materials using a finite-element
model. They concluded that the convective heat transfer is significant for materials with
high hydraulic conductivity, such as coarse-grained soils and in rocks exhibiting secondary
porosities. Diao et al. [2004] provided analytical transient solutions for a line heat source in
an infinite porous medium and suggested that, for PeD < 0.005, the ground can be modeled
as conduction, where PeD is the Peclet number based on the diameter of the borehole.
They also suggested that the temperature rise of the ground due to the line source is only
a function of Peclet number and time. The impact of even a moderate groundwater flow
was prominent and in agreement with the Kimura solutions. Yang et al. [2013] studied the
underground thermal imbalance rate, soil type, borehole layout and groundwater advection

92
on the underground soil temperature distribution for an array of borehole heat exchangers.
They suggested that high groundwater advection, increased borehole spacing and higher soil
conductivity or diffusivity would alleviate the soil temperature rise problem. A significant
limitation of each of these studies, however, is treatment of the porous media flow as a forced
convection process, neglecting the effect of buoyancy. To the extent natural convection is
significant, it would introduce a strong borehole length (depth) dependence on the convective
coefficient.
Since natural convection in porous media has a wide range of applications, numer
ous efforts have been made to study its significance in simple geometries. These basic
configurations include a vertical isothermal plate embedded in a porous medium, a hori
zontal isothermal plate in porous medium, a horizontal cylinder in porous medium, internal
natural convection heating from below and internal natural convection heating from the side
[Cesini et al., 1999, Chang and Cheng, 1983, Chen et al., 2018, Minkowycz and Cheng,
1977, Nield and Bejan, 1992]. Of these aforementioned configurations, the vertical plate
configuration is most relevant to the present application.
Minkowycz and Cheng [1977] developed similarity solutions for the power law
temperature distribution of a vertical surface, assuming the validity of Darcy's law and
the Oberbeck-Boussinesq approximation.

They solved the parabolized equations using

similarity solutions and showed that both the normalized vertical velocity and temperature
are the same function of a similarity variable ^, defined by ^ = ( x / y ) ^ Ray. They indicated
that the solutions are valid only for high Rayleigh number and low Reynolds number, Rep,
where the length scale is based on pore diameter. They showed that in this limit, the ratio
Nu/VRa is a constant and equal to 0.888. Kim and Vafai [1989] added an inertial term to
Darcy's equation and noted that the normalized vertical velocity and temperature are then
no longer the same functions of the similarity variable ^, for Reynolds number based on
pore size greater than unity. Analytical solutions were derived for this case using the method
of matched asymptotic expansions. They showed that when the thickness of the thermal
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boundary layer is larger than the viscous boundary layer, the Nusselt number is dependent on
Rayleigh number. However, for a viscous boundary layer larger than the thermal boundary
layer, the Nusselt number is dependent on the product of Rayleigh number and porosity
while remaining independent of the permeability of the porous medium. While these two
analyses provide critical insight to the natural convective process for two-dimensional natural
convection along a vertical plate, the potential significance of the cylindrical geometry in
the present application with ground water advection, are not known.
The potential for natural convection in the porous medium surrounding the vertical
boreholes, as well as the likelihood of an imposed hydraulic gradient, suggests the actual
convective processes are most likely to be some degree of mixed convection, rather than pure
natural or forced convection. While mixed convection in porous media has received some
attention, the available studies have treated only very specific geometries. A pioneering
study by Wooding [1957] examined mixed convection in porous media for a flow through
a vertical slot. This configuration was later examined by several authors who were able
to derive correlations for the heat transfer in terms of Rayleigh number and Peclet number
[Burns et al., 1977, Elder, 1967, Prats, 1966]. Mixed convection in lid-driven rectangular
enclosures filled with porous medium also received attention from several authors [Khanafer
and Chamkha, 1999, Waheed, 2009]. They showed that the heat transfer is depends upon
Richardson number, which is a measure of buoyancy-driven natural convection to the liddriven forced convection. While these studies provide broad insight to mixed convection
heat transfer in a porous medium, direct insight to the present geometry and application is
very limited.
The first objective of this paper is to examine the significance of natural convection
for isolated vertical boreholes, often termed borehole heat exchangers (BHEs), widely used
with geothermal heat pump systems. The parabolic boundary layer solutions for the vertical
isothermal plate necessarily deviate from actual behavior because of the ground surface
at the top of the borehole heat exchanger. In addition, actual ground properties vary over
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a sufficiently wide range that modest Rayleigh numbers would be common, whereas the
boundary layer solutions are valid only at higher Rayleigh numbers. The second objective
is to quantify the impact of groundwater advection and the resulting mixed convection
processes. To put the results into context, the suitability of modeling the thermal exchange
processes in the ground as conduction alone is also investigated. Both of these issues are
of central importance to the proper design and operation of the borehole heat exchanger as
overdesign leads to unnecessary first cost and over time, needlessly high pump operating
costs.

2. PROBLEM FORMULATION

The ground heat exchanger for a low-temperature geothermal system typically con
sists of multiple vertical boreholes, often numbered in the hundreds for large commercial
applications. Each individual borehole consists of a U-tube inserted into the verticallydrilled borehole, with grout filling the space between the tubes and the ground. Absent
a forced ground water flow and presuming the grout surface to be nominally isothermal,
a simplest model would be a two-dimensional geometry for an axisymmetric borehole.
However, allowing for groundwater flow, the flow can no longer remain axisymmetric and
is therefore unavoidably three-dimensional. Thus, in order to adequately treat the phe
nomena of interest, convective heat transfer in both two-dimensional and three-dimensional
geometries are investigated.

2.1. TWO-DIMENSIONAL MODEL
To investigate specifically the natural convection, the two-dimensional geometry
shown in Figure 1 is considered. The model is comprised of a finite vertical isothermal
surface (dQ.b) of length Lb, a horizontal adiabatic surface (dQg) and far-field computational
surfaces (dQ TO). This geometry serves as a simplest model of a vertical borehole heat
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exchanger with length Lb, buried in a porous medium. Due to symmetry, only half of the
heat exchanger is considered and the radius of the borehole (r^) is neglected as Lb >>
and its impact is likely to be negligible. The computational inlet and outlet surfaces, dQ.m,i
and d O m,0, allow for flow through the domain driven by buoyancy forces. The position of
the vertical computational surface relative to the borehole, Wm, is chosen to be large enough
that it does not appreciably affect the solution.
The governing equations for this problem presume the soil is homogeneous, radiation
from the ground surface is negligible, the temperature of the groundwater and soil are
in thermal equilibrium, and gravity acts in the negative y direction. With flow in the
porous medium described by Darcy's law and inertial forces on fluid flow and heat transfer
neglected, the governing equations in two-dimensional cartesian coordinates are given by

^

du dv
dx + dy

(1)

^
dp
( K >“ = - 5 7

(2)

dp

( K }v = - 5 7 - p s

(3)
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where u and v represent the horizontal and vertical components of the local fluid velocity,
in m /s. The specific heat capacity ratio, denoted by a , is defined in terms of soil porosity,
<p, and given by
<r =

0 (p c P) f + (1 - 0 )(pC p)s
(pC p) f

(5)

where the subscripts f and s denote fluid and solid properties, respectively. The permeability
index, K , is a soil property with units of length squared (m2), g is acceleration due to gravity
(m /s2), and ^ is the dynamic viscosity of the fluid (Pa • s). The thermal diffusivity of the
saturated porous medium, a m, is defined by,

Q-m

km
(PCp ) f

(6)

where k m is the weighted thermal conductivity, in turn defined by,

km = (1

0 ) k s + (pky.

(7)

On the borehole surface, dQ.^, the boundary conditions are uniform temperature
Ts and u = 0. For the ground surface, dQ.g, the vertical velocity component is zero and
the normal temperature gradient is zero. At the inflow boundary, the vertical velocity and
temperature have zero vertical gradients, while at the outflow boundary, the horizontal
gradients of horizontal velocity and temperature are zero. The initial condition is a uniform
temperature T0 in the porous media, corresponding to the ground domain, Q.m.
While the dimensional equations, Eqs.(1)-(4), are solved numerically, non-dimensionalization
shows that, under the Boussinesq approximation, the only dimensionless parameter is the
Rayleigh number,
g fiK L bAT
(P/ Po ) &m

(8)
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Figure 2. Schematic of three-dimensional porous-media domain used for mixed convection
simulations.

based on length scale Lb, velocity scale a m/L b , temperature scale Ts - T0, and time scale
a L 2b/ a m.

2.2. THREE DIMENSIONAL MODEL
The three-dimensional geometry for the vertical borehole embedded in the ground
is shown in the schematic of Figure 2.
The necessity of considering the three-dimensional case is immediately evident
upon recognizing that both forced and natural convection are almost certain to be present.
The three-dimensional model is comprised of a finite cylinder length, Lb, placed in the
ground with the top surface of the cylinder coincident with the horizontal ground surface.
The ground surface, shown in Figure 2(a), is treated as adiabatic with radiation effects
neglected.

The inlet and outlet boundaries shown in the schematic correspond to the

direction of groundwater flow with a velocity

flowing normal to the borehole axis. The

dimensions of the computational domain are selected as W , H and B with values 0.2, 0.16,
1.12 respectively, each relative to Lb. These values were intentionally selected to be an
order of magnitude higher than the penetration depth defined by Cheng and Pop [1984],
details of which will be discussed in the next subsection. The origin of the cylinder is placed
equidistant, 0.08 Lb, from the x and z axis respectively.

98
For the three-dimensional geometry, the momentum equation must now include the
component
dp

^

( K )W = - T z

(9)

with the three-dimensional energy equation replacing Eq.(4),
dT
dT
dT
dT
d 2T d 2T d l T .
a —— + u —— + v —— + w — = a m ( — 2 +----- 2 +----- 2 )
dt
dx
dy
dz
d x2 d y 2 d z 2 '

(10)

The imposed boundary conditions are similar to that of the two-dimensional cases with the
exception that at the inlet surface there is an imposed velocity, u = Um, and at the outlet
surface the horizontal velocity gradient is set to zero.
Non-dimensionalizing, this formulation again identifies the Rayleigh number, as
defined in Eq.(8), and the Peclet number,

PeL =

= (L b /D ) PeD

(11)

Q-m
as the only dimensionless parameters. As might be expected, the Peclet number based on
cylinder diameter is denoted by PeD. The dimensional scales used to arrive at this result are
the same as for the two-dimensional geometry.

2.3. GRID RESOLUTION
The two-and three-dimensional meshes were carefully developed to produce suitably
grid independent results. The analytical solutions available for a porous medium adjacent
to a heated vertical plate at high Ra was central to the grid development process. The high
Rayleigh number solutions assume the energy equation to be parabolic, meaning gradients
with respect to vertical direction are neglected, allowing for similarity solutions. In these
analytical solutions, the heat transfer rate from an isothermal plate of length L, expressed
per unit width into the page, is given in non-dimensional terms [Minkowycz and Cheng,
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Table 1. Grid independence study for RaL = 104

Mesh size,Ax (m)

Ax / Lb

8 /Ax

N un,p

Nu

%, A /N u n,p

0.15

0.006

10.5

87.9

85.3

3

0.1

0.004

15.8

87.9

86.75

1.3

0.08

0.0032

19.7

87.9

87.15

0.85

0.05

0.002

31.6

87.9

87.5

0.4

0.025

0.001

63

87.9

87.69

0.23

1977] by
N u n,p = 0.88 8>jRal,

(12)

where the Nusselt number subscripts refer to natural convection and the plate geometry,
respectively. Numerical simulations for an isothermal heated vertical plate were performed
with different mesh sizes using the analytical solutions as reference. The computational
domain size, measured normal to the vertical flat plate was chosen to be 5Lb to reduce
any impact of the computational domain size. From the analytical solution for the vertical
isothermal flat plate, the thickness of the thermal boundary layer, 8, is inversely proportional
to Ra, according to 8 ~ 1/VRa. The mesh sizes were therefore chosen to be smaller than
8/10 to adequately capture the boundary layer.
In the mesh refinement simulations, the properties of fluid were taken as p f = 920
k g/m 3, C p f =4186 kJ/kgK, £=0.00018 1/K, ^=0.00027 Pa • s, fc/=0.6 W /m .K , and the
properties of soil were taken as p s = 1925 k g /m 3, k s=1.5 W /m .K , C ps=1345 kJ/kgK, and
0=0.55. A temperature difference of AT = Ts - T0 = 17 K, and borehole length Lb=25m
was considered. There are consistent with typical properties indicated by ASHRAE [2015].
The simulations were conducted with several mesh sizes and the results tabulated
in Table 1. The percentage deviation from the boundary layer limit is calculated for each
mesh size and displayed in the fourth column of the table. The mesh sizes were uniform
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throughout the geometry for the grid resolution cases. Since a range of Rayleigh numbers,
102 < RaL < 106, is investigated in this paper and the penetration depth is dependent
on RaL, a spatial mesh size of 0.08 m was selected for cases RaL < 105. However, for
RaL = 106, a mesh size of 0.008 m was selected to ensure that the mesh size is smaller than
8 / 10, to accurately capture the boundary layer.
Cheng and Pop [1984] used an integral method to develop transient heat transfer
solutions for the vertical plate embedded in a porous medium. They provided a relation for
the time dependent penetration depth, 8, as follows,

8 = 2 a/ a mt / a .

(13)

For the unsteady numerical simulations, this equation was used to calculate the appropriate
time step size. As an example, for a spatial grid size of Ax=0.08 m, a time step of At = 1000s
was selected as the time step size. All transient simulations were integrated in time for a
period equal to one full 24-hour day. Since the three-dimensional cases used a constant
Rayleigh number, RaL = 104, a uniform mesh size of 0.08 m was selected.

2.4. NUMERICAL METHODS
The two-and three-dimensional simulations were all conducted in Ansys-Fluent[?],
a commercial off-the-shelf simulation software. A pressure based steady-state solver was
used to solve the governing equations for the time independent simulations. Second-order
accurate approximations were used for all spatial derivatives and, for the transient solutions,
a second-order implicit time-stepping method was used.
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3. RESULTS AND DISCUSSION

Convection, either natural or mixed, is a potentially important mode of heat transfer
that is often given less attention in the study of geothermal heat exchangers, especially for
vertical borehole heat exchangers (BHEs). Current practice normally models the ground
as a single solid phase and predicts geothermal heat pump performance presuming thermal
transfer in the soil by conduction alone. However, in reality, the ground is inherently porous
and there is groundwater flow in the direction of naturally occuring hydraulic gradients
[Freeze and Cherry, 1979], even in the absence of any thermal sources or sinks. However,
the introduction of large-scale ground heat exchangers could certainly trigger appreciable
natural convection. The likelihood is therefore that either or both of forced and natural
convection could impact the thermal transport processes and the performance of the ground
heat exchangers.
Consideration of either convection mode, natural or forced, requires knowledge of
ground properties which do not enter into a conduction-based formulation. For a porous
media, the three essential properties are the permeability index, K , porosity, <p, and diameter
of the pores, D p [Nield and Bejan, 1992]. The permeability index, K , is generally viewed
as capturing the extent to which the pore spaces are interconnected, as well as the size of
the interconnections. More directly, it provides a measure of the resistance to the flow and,
the higher the K value, the lower the resistance. The hydraulic radius theory of CarmanKozeny, however, indicates that these three parameters are not independent. As indicated
in the formulation, only two input parameters, K and <p, are directly specified. The pore
diameter is therefore implicitly determined. In the present two-dimensional simulations,
the permeability index K is varied and the porosity is kept constant. Depending upon soil
types, the permeability index K (m2) can vary between 10-20 < K < 10-7 [Nield and
Bejan, 1992].
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Transport and geometrical properties

Minimum

Maximum

Nominal

K(m2)

10-20

10-7

r-1
O
i
7
o

10-12

10-3

01
1
o1

Table 2. Typical range of transport and geometrical properties

0(kg/m 3)

0.08

0.65

0.55

P f (1/K)

920

920

920

Ps (1/K)

1285

1925

1925

ju(Pa • s)

0.00027

0.00027

0.00027

yS(1/K)

0.00018

0.00018

0.00018

k f (W /m.K)

0.6

0.6

0.6

k s (W /m.K)

0.7

3.8

1.5

k m(W /m.K)

0.6

2.04

1

a m(m2/s)

10-7

5x 10-7

2.7x 10-7

CP f (kJ/kgK)

4186

4186

4186

C p s (kJ/kgK)

1134

1430

1345

L b (m)

25

120

25

D (m)

0.1

0.15

0.12

(m /s)

For the three-dimensional simulations, ground water flow is considered and hence a
range of groundwater velocities (U&>), flowing normal to the axis of the borehole, is speci
fied. The transport properties selected for both the two-dimensional and three-dimensional
simulations are given in Table 2 in the nominal values column. The typical range of the
relevant transport properties, taken from Nield and Bejan [1992] and ASHRAE [2015]
handbook, are also presented in the table. The properties selected for numerical simulations
are such that the upper conduction limit, natural convection limit and lower limit of forced
convection can be captured. For instance, RaL, which is dependent on K , can be calculated
for the minimum and maximum values of K and corresponds to upper and lower bounds of
10-7 and 106 respectively. However, for RaL < 102 the role of natural convection is negli

103
gible. Similarly, the Peclet number, PeD, calculated for the minimum and maximum values
of

corresponds to a range of 10-7 and 1500, respectively. In the present simulations,

PeD is varied between 0.044 and 882. This range is selected such that the upper limit of
natural convection and lower limit of forced convection can be quantified. More detailed
discussion is provided in the corresponding subsections that follow.
In order to address the varying significance of natural convection, the present nu
merical results are divided into three subsections. In the first two subsections, the effect
of natural convection is investigated in a two-dimensional geometry absent a hydraulic gra
dient. Since the Rayleigh number is the only non-dimensional parameter driving the heat
transfer, the results are examined for low Ra natural convection, then for high Ra natural
convection. These two regimes are individually significant as the behavior is expected to
approach the conduction and parabolized natural convection limits, respectively. In the third
subsection, groundwater flow is included and a three-dimensional geometry is necessarily
used to capture the competing effects of natural and forced convection.

3.1. LOW Ra CONVECTION
This section addresses the impact of natural convection at the low Rayleigh number
limit in the absence of a hydraulic gradient. Without an imposed hydraulic gradient, any
groundwater flow will be due to temperature gradients and the behavior will asymptote to
pure conduction, as the impact becomes vanishingly small. Importantly, the results will
reveal the essential impact of the horizontal ground surface on the natural convection flow.
The temperature contours for RaL = 10, 102 and 103 at t =105s, which corresponds
to 24 hours, is shown in Figure 3. This figure shows indication of minimal convection
effect, since the isotherms are almost entirely vertical. The thermal transfer is diffusioncontrolled and the heat transfer is, therefore largely independent of RaL. However, close
examination of the RaL = 103 contours does show a turn to the left, at the ground surface,
a sign of a growing convection effect. A Rayleigh number of 103 therefore appears to be
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X

Figure 3. Temperature contours for Rayleigh numbers, RaL, of 10, 102 and 103 at t=105s,
corresponding to 24 hours. The solid line is for R a l = 103, dotted lines for RaL = 10, 102.

near the upper limit for conduction or diffusion-controlled behavior. However, according
to Minkowycz and Cheng [1977], the boundary layer prediction should hold for RaL ~ 102.
The explanation for the seeming discrepancy is that the simulation is only for a 24 hour time
period and while, the thermal transfer for RaL = 103 still appears to be diffusion-controlled
the onset of convection is a slow process requiring much more than 24 hours to reach a
steady parabolic condition.
To make this comparison quantitative, the numerical solution can be compared to
available analytical solutions. In the diffusion limit, the transient solutions for a semi-infinite
solid with constant surface temperature is widely known and given by,

- r = (2 /^ 5)
exp(-w 2) du = erf fa)
1i - is
0

(14)

where ^ = x /( 4 a mt) 1/2 [Bergman and Lavine, 2007], which satisfies T (t, 0) = Ts and
T (t, to) = Ti. The heat flux is readily calculated by applying Fourier’s law at x = 0 giving,
k mAT
Vd

(15)

105

(a)

(b)

Figure 4. Variation of length-averaged heat flux over initial 24 hr time period. In both
plots, only the RaL = 104 case is denoted by a dashed line. In subfigure(a), the analytical
diffusion limit and RaL = 10, 102 and 103 are all denoted by solid lines. Subfigure(b) shows
the transient RaL = 104 case relative to the diffusion limit (solid line) and the steady-state
limit.

where the heat flux subscript d refers to pure diffusion, t represents the dimensional time
in s, k m represents the weighted thermal conductivity and a m represents the weighted
thermal diffusivity. This solution, along with the length-averaged heat flux for different
RaL, is plotted in Figure 4 with respect to time.

The heat fluxes for RaL < 103 are

essentially indistinguishable and overlap the analytical diffusion result almost precisely.
The conduction limit is therefore taken to be suitable for the RaL < 103 range.
Although the RaL = 103 isotherm contours began to show some deviation from
the diffusion-limited behavior, Figure 4 indicates the impact on the heat flux is minimal.
However, the RaL = 104 results in Figure 4(b) show there is a growing deviation from the
diffusion-limited behavior for t > 0.2 x 105 s which increases to almost 18% at the end of
the 24 hour period. The time-averaged heat transfer coefficient, 0 , for the 24-hour time
period, calculated for RaL = 104 is 6.91 W /m 2K and for the diffusion limit is 6.39 W /m 2K,
a difference of just under 10%. The time-averaged heat transfer coefficients for RaL < 103
match the diffusion limit to within 1%.
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An important consideration highlighted in Figure 4(b) is the role of steady state.
Time dependent simulations were completed for an initial startup period of 24 hours.
Evaluated on the basis of minimal change in heat flux, Figure 4 (a) would suggest steady
state has been reached at t = 0.5 x 105s for all RaL. To address this issue carefully, a
steady-state solution was also obtained for RaL = 104. Figure 4 (b) indicates there is still
significant time required to fully reach steady-state conditions. The time period required
to reach steady state can be estimated using the Cheng and Pop [1984] integral method
formulation, for a vertical flat plate in a porous medium. The time to steady state is given as
tss = 1.707a L 2/ ( a mRaL) . For a = 0.85,

= 25 m, a m = 2.7 x 10-7 m2/s and RaL = 104,

the time to reach steady state is therefore indicated to be 3.8 days. However for RaL = 105,
tss = 9.3 hrs and for RaL = 106, tss = 0.93 hrs.
One other important, but easily overlooked distinction, is that the numerical simula
tions utilize weighted thermal properties, based upon saturated soil properties. The ratio of
heat fluxes for both dry soil and saturated soil, as given by Eq.(15), for the diffusion limit,
simplifies to
UJL
Um

I

ks (pC pp))s
km (PCp )f

(16)

where the thermal transfer coefficient U = q " / ^ T . For the property value ranges listed in
Table 2, this ratio can vary between 0.66 and 2.

3.2. HIGH Ra CONVECTION
In this section, the heat transfer behavior for higher Ra is investigated in order
to reveal the approach to self-similarity and the separate role of the horizontal ground
surface. The self-similar steady-state solutions for a vertical flat plate in a fluid-saturated
porous medium are detailed in Cheng and Pop [1984]. The adiabatic ground surface is
of particular importance as it demands a region of elliptic behavior and could therefore
produce a significant effect on the estimated heat transfer rate.
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The scaling noted in the preceding subsection indicates that steady-state behavior
dominates the time period of interest for which the natural convection has an appreciable
effect on the heat transfer. The simulations examined in this subsection for RaL = 104 and
greater, are therefore limited to steady-state.
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Figure 5. Steady-state isotherms in subfigures(a) and (b), and streamlines in subfigure(c),
all for RaL = 104.

The temperature contours for RaL = 104 are plotted in Figure 5(a). The figure
clearly shows the isotherms being turned away from the heated borehole surface due to
the adiabatic ground surface. The thermal boundary layer at the heated surface is barely
visible in this figure due to the scale of the dimensionless X -axis and the boundary layer
being very small, 5 ~ 1/VRaL. Over a more limited X range, as shown in Figure 5(b), the
vertical isotherms are, as expected, close to that of a boundary-layer behavior. Although,
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Figure 5(b), shows vertical boundary layers beginning to form, the adiabatic ground surface
forces a change in the direction at relatively large depths. The impact of the adiabatic
ground surface extends to almost 70% of the borehole length at this Rayleigh number,
RaL = 104. Specifically, the 1% isotherm moves away from the heat exchanger, becoming
nearly horizontal, at Y = -0.70. Figure 5(c) shows the streamlines for this same Rayleigh
number. A clustering of the stream lines, which indicates increasing velocity, is seen near
the ground surface as gravity gives rise to a horizontal velocity boundary layer.

(a)

(b)

Figure 6. Steady-state isotherms in subfigures(a) and (b), and streamlines in subfigure(c),
all for RaL = 106.

The temperature and streamline contours for a significantly higher Rayleigh number,
RaL = 106, is shown in Figure 6. The isotherms are now tightly clustered near the adiabatic
ground surface and the turning of the vertical boundary layer is confined to just 15% of the
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length of the heat exchanger, as judged from Figure 6(b). In the streamline contour plot,
Figure 6(c), the stream lines indicate flow being drawn into the vertical boundary layer and
then turned to exit horizontally at the computational boundary.

Figure 7. Horizontal velocity magnitude relative to vertical velocity scale for flat plate
natural convection at different X locations, all at RaL = 104.

The self-similar solutions for a vertical plate embedded in a porous medium indicate
that both the velocity and temperature profile are identical. However, in the presence of
an adiabatic ground surface, as noted from Figure 5 and 6, the primary flow direction
is forcefully changed due to the ground surface which gives rise to a horizontal boundary
layer. This horizontal boundary layer thins out as it moves away from the heat exchanger. To
quantify the velocity magnitude in the horizontal boundary layer, Figure 7 shows a plot with
respect to vertical position for selected RaL of 104. The horizontal velocity is normalized
based on the magnitude of the maximum vertical velocity, vn,p , derived from the similarity
solutions given by Minkowycz and Cheng [1977],

Vn,p =

gfiK AT
(P i Po )

(17)
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This figure shows an increase in maximum horizontal velocity when moving further away
from the heat exchanger, as the horizontal boundary layer thickness diminishes. For exam
ple, the maximum velocity at X =-2 is around 4% while for X =-4.4, it is approximately 9%
that of the vertical velocity scale.

Figure 8. Normalized horizontal velocity at the computational outlet surface for different
RaL, plotted against vertical position.

The vertical variation of the horizontal velocity at the computational outlet surface
in Figure 8, shows the horizontal velocity distribution tightens with Rayleigh number. As
expected, the horizontal velocity magnitudes are roughly equal in order of magnitude to that
of vertical boundary layer velocity near the ground surface. Hence, this horizontal velocity
could provide a strong competing effect to the groundwater flow, if present.
As noted, the elliptic turning region, dictated by the adiabatic ground surface, has
been reduced to less than approximately 15% of the borehole length at a Rayleigh number
of 106. Although the impact of the horizontal surface on the flow field is significant, it is
the heat fluxes that are of critical importance to the application. The variation of the local
heat fluxes with vertical position are shown in Figure 9.

111

Figure 9. Variation of local heat flux with vertical position, expressed relative to the
parabolic, natural convection boundary-layer solution for a vertical flat plate. The boundary
layer predicted flux denoted by q” p, is based on Eq.(12). The dashed line identifies the
absolute 5% deviation with Yt representing the corresponding distance below the surface.
At RaL = 106, Yt * 0.13.

At RaL = 104, more than half the length of the heat exchanger deviates from the heat
flux predicted by the boundary layer solutions due to the influence of the adiabatic ground
surface. However, as the Rayleigh number increases, the fraction of the borehole length
that matches the heat flux predicted by the boundary layer solution increases. As might be
expected, the largest deviation is evident where the ground surface meets the borehole heat
exchanger. At the bottom of the borehole heat exchanger, that is at Y « -1 , a small deviation
in heat flux is also noted due to the presence of another elliptic region corresponding to a
leading edge effect.
As a means to quantify the size of the elliptic turning region, Figure 10 shows the
absolute distance below the ground surface at which the local heat flux departs by 5%
from the boundary layer prediction. This depth is denoted by Yt and its determination is
illustrated in Figure 9, for RaL = 106. In fact, Yt, also represents the maximum thickness of
the horizontal boundary layer. Figure 10 shows the decrease in turning depth for increasing
RaL indicating that the turning distance scales with the vertical thermal boundary layer
thickness. For RaL = 104, Yt=0.65 indicating that 65% of the borehole length deviates from
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Figure 10. Relative borehole depth at which local heat flux varies by 5% from the semi
infinite boundary layer solution, denoted by Yt.

the boundary layer prediction. However for RaL = 106, Yt is reduced to 15% and hence
the heat flux predicted by the boundary layer solution would be accurate for the lower 85%
of the borehole length. This underscores the recognition that the impact of the horizontal
ground surface cannot be ignored.
The Rayleigh number is the only non-dimensional parameter in the steady two
dimensional context and should therefore serve to characterize the transition from diffusionlimited to convection-dominated heat transfer. A Rayleigh number of RaL = 103 was already
seen to be near the upper limit for diffusion-controlled heat transfer, however, RaL = 104
still shows deviation from the boundary layer solution. The complexity of the present
situation is due, of course, to the presence of the horizontal ground surface. To highlight the
deviation between these two limits, Figure 11, a plot of the numerically-computed lengthaveraged heat flux, provides a comparison against the diffusion limit and the semi-infiniteplate natural convection. Consistent with previously introduced notation, g" represents
the diffusion-based heat flux averaged over a 24 hour time period. The quantity q" is the
numerically-computed length-averaged heat flux also averaged over a 24 hour time period.
The unfilled data markers show departure from the diffusion limit beginning at a Rayleigh
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Figure 11. Variation of initial 24 hr time-average heat flux for the diffusion limit, q"d, relative
to length-averaged convective flux, q", for RaL < 104 (unfilled circles). For RaL > 104, the
ratio is relative to the steady-state length-averaged flux, q"s, denoted by unfilled squares. The
filled circles identify the steady-state length-averaged flux, q''s, relative to the semi-infinite
flat plate, q'^p .

number of approximately 103 and increasing as R a l increases. At RaL = 2000, the heat
flux ratio deviates by 5% which could be taken as an upper limit for diffusion-controlled
behavior as a meaningful approximation. As expected, the diffusion-controlled heat flux
q'd shows a significant deviation from the length-averaged steady-state heat flux q''s for
RaL > 104, shown as unfilled square markers in the figure.
The filled data markers in Figure 11 show the multi-dimensional numerical results
compared against the parabolic natural convection limit. From Minkowycz and Cheng
[1977], the parabolic (boundary layer) approximation is satisfied at RaL ~ 102. The
numerical results therefore show that the horizontal ground surface plays a very significant
role not only in the flow field but also in the local borehole heat transfer. Not until RaL = 106
does the ratio reduce to less than 5%. Thus, under pure natural convection conditions with
an adiabatic ground surface, RaL < 2000 is well approximated by the diffusion limit (based
on fluid-saturated soil properties), while RaL > 106 is necessary to reach a suitably small
turning region which allows for good approximation by the boundary-layer limit. Of note,
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the decrease in length-averaged steady-state heat flux relative to boundary layer solution in
the vicinity of the ground surface is due to the turning of the flow that forces very small
temperature gradients near this fraction of the isothermal wall.

3.3. M IXED C O NV ECTIO N
The existence of hydraulic surface gradients and ground porosity inevitably lead to
a degree of subsurface flow [Freeze and Cherry, 1979], even under isothermal conditions.
Measurements of hydraulic gradients are typically performed by drilling deep wells at
regularly-spaced locations. The most common practice is to drill three wells in a triangular
arrangement to determine the hydraulic gradient, dH /dx, at a specific location.

The

hydraulic gradient is calculated from the measure head height in each well, the well surface
elevations and the distance between the wells. According to United States Environmental
Protection Agency [Beljin et al., 2014], hydraulic gradients typically vary from 0.0001 to
0.05m /m with some commonly measured hydraulic gradients of appropriately 0.01 m /m .
These measured hydraulic gradients are then used to calculate the resulting ground water
velocity by

Uh

K p g td H
\ dx

(18)

where uh is ground water velocity, K is the permeability index and d H /d x is the hydraulic
gradient. The groundwater velocity, uh, is generally dominated by its horizontal component
and therefore, usually taken to be one-dimensional [Beljin et al., 2014, Freeze and Cherry,
1979]. According to Chiasson et al. [2000], the ground water velocity, uh, can vary from
10-12 to 10-4 m /s for 10-20 < K < 10-9 m2 based on a typical 0.01 m /m hydraulic
gradient. However, this range can vary even more widely since the hydraulic gradients
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Figure 12. Rayleigh number variation of the average horizontal velocity at the computational
outlet boundary for the two-dimensional steady-state numerical solutions. For reference,
vn,p represents the maximum vertical velocity predicted by the semi-infinite boundary layer
solution.

also depend on the water table and its seasonal changes [Heath, 1983, Serfes, 1991]. In
this subsection, results are presented for simulations reflecting the competition between the
nominally-horizontal ground water flow and the nominally-vertical natural convection flow.
The pure natural convection flow examined in the previous subsection pointed to
the essential role of the horizontal ground surface. Even as the Rayleigh number increased
and the correspondence to boundary layer behavior improved, there was a necessary hori
zontal outflow surrounding the vertical borehole. An additional perspective on the relative
strengths of the forced (hydraulic-gradient driven) convection and the natural (temperaturegradient driven) convection, is a comparison of the horizontal velocity magnitude. In order
to estimate the magnitude of the velocity from the natural convective flow for different
ground properties, Figure 12 was plotted by taking the averages of negative horizontal
velocity from the two dimensional numerical solution (the flow is in the negative direction
as it moves away from the heat exchanger) at the computational outlet surface. The velocity
magnitudes, even though they are small, are comparable to the ground water velocities
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which would be observed for a 0.01 m /m hydraulic gradient. This interplay between the
groundwater flow and natural convective flow could influence the heat transfer rates which
are investigated in this section.
The hydraulic-gradient driven groundwater flow produces a forced convection be
havior which is minimally two-dimensional in a horizontal plane.

O f course, gravity

produces a natural convection flow, driven by temperature gradients, which is nominally
two-dimensional in a vertical plane. The combined result of these effects is a necessarily
three-dimensional mixed convection flow. In order to investigate the mixed convection
regime, the imposed groundwater velocity (Um) is selected based on its relation to the
maximum vertical velocity in a natural-convection boundary layer, vn,p. Noting that for
RaL = 104, vn,p = 1x10-4 m /s, the maximum imposed velocity, Um, is selected to be
2 x 10-3 m /s, an order of magnitude higher than vn,P. The minimum value of

is selected

as three orders of magnitude less than vn,p , anticipating that heat transfer will then be dom
inated by natural convection. Keeping

= 25 m, D = 0.12 m, and RaL = 104 as constant,

steady-state simulations were run for 10-7 <

< 2 x 10-3. Specifically, eight

values

of 2 x 10-3 m /s, 2 x 10-4 m /s, 2 x 10-5 m /s, 1 x 10-5 m /s, 5 x 10-6 m /s, 2 x 10-6 m /s,
9 x 10-7 m /s and 1 x 10-7 m /s were selected to constitute the three dimensional cases.
The temperature contours at three selected Peclet numbers, holding Rayleigh number
fixed, are shown in Figure 13. This figure shows the isotherms in an X -Y plane cutting the
cylinder exactly in half, Z = 0. The competition between the hydraulic- and temperaturegradient driven flow clearly spans the range from almost perfect azimuthal symmetry,
Figure 13(a), to near vertical uniformity, as in Figure 13(c). These behaviors correspond
to the limits of natural-convection dominated and forced-convection dominated flowfields.
Specifically, for RaL = 104 and PeD = 0.04, the temperature contours show the development
of boundary layers that exhibit dominance of natural convection over transverse convection.
Alternatively, for PeD = 8.8, the isotherms are almost straight vertical lines indicating, the
clear dominance of transverse convection.
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(a) PeD=0.04

(b) PeD=0.88

(c) PeD=8.8

Figure 13. Temperature contours in the Z = 0 plane, for three levels of groundwater velocity
(driven by hydraulic gradient) as predicted by three-dimensional simulation.

Comparison of the present three-dimensional results to the analytical solution for
natural convection from a cylindrical geometry in a fluid-saturated porous medium reveals
the deviation from axisymmetric natural convection. The analytical solution for a cylinder
under pure natural convection in a porous medium is given by Minkowycz and Cheng
[1976], where qn,c represents the heat transfer from a vertical cylinder, and qn,p represents
the heat transfer from a vertical plate integrated over the circumference of the cylinder.
Qn,c
Qn,p

= 0.157eL + 1,

for

eL > 3

(19)
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(a)

(b)

Figure 14. Azimuthally-averaged heat flux, q ", and total borehole heat transfer rate, q,
for three-dimensional mixed convection, relative to natural convection from a semi-infinite
vertical cylinder (#" and qn,c), for RaL = 104.

The term €l captures the curvature effect and is defined as
2L b

1

(20)

rb VRaL
This analytical solution is compared against the three-dimensional results in Figure 14. In
Figure 14(a), the ordinate of this plot is the scaled difference between the mixed convec
tion of the numerical solution and the natural convection predicted by Eq.(19), with the
numerical q" denoting the heat flux averaged over the azimuthal angle. At PeD = 0.04, heat
transfer follows natural convection, but as PeD increases, the deviation becomes increasingly
significant. At Y ^ 0, the drop in heat flux is due to the influence of adiabatic ground sur
face. Figure 14(b) shows the deviation of heat transfer rate from natural convection against
PeD. In this subfigure, the heat transfer rate, q, from the numerical solution is calculated
by integrating over the entire borehole surface. For PeD = 0.88, the deviation from natural
convection is approximately 20%. Taking a 5% deviation, as the demarcation line, a Peclet
number of 0.5 appears to be the approximate upper limit for natural convection dominated
flow, at RaL = 104.
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Figure 15. Azimuthally-averaged heat flux for three-dimensional mixed convection relative
to pure forced convection for a vertical cylinder at select Peclet numbers. All numerical
cases are for RaL = 104.

With the low PeD limit approaching natural convection, an asymptote to forced
convection at high Peclet numbers would also seem likely. Analytical solutions for flow
past a horizontal cylinder in a porous medium by Cheng [1982], showed

(N uD) f,c = 1.015 P e ^ 2

for

P eD > 3

(21)

where the first subscript denotes forced convection and the second indicates cylindrical
geometry. The Peclet number, PeD, is based on the diameter of the borehole. Figure 15,
shows the deviation of mixed convection heat flux from forced convection for different PeD,
where q" of the numerical solution again represents heat flux based on azimuthal average.
The results clearly indicate that, for PeD > 2.2, the heat transfer has essentially limited to
forced convection. As already noted in the discussion of the previous figure, the PeD = 0.04
case follows natural convection behavior and not surprisingly, shows a significant deviation
when compared to forced convection.
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(a) PeD=0.88

(b) PeD=8.8

Figure 16. Azimuthal variation of local heat flux in three-dimensional mixed convection
at low and high Peclet numbers respectively. For reference, each subplot also shows the
azimuthal variation for pure, two-dimensional forced convection, denoted by F C .

To this point, only the deviation of azimuthal-averaged heat flux has been compared
against the analytical forced convection solution. Since the mixed convection flow is driven
both by temperature gradients and by hydraulic gradients, a significant variation of heat
flux with respect to azimuthal angle, 6, is expected for the mixed convection since natural
convection and ground surface combine to produce several variations on assisting and
competing flow. Figure 16 shows the heat flux variation with respect to azimuthal angle,
6. To make a quantitative comparison to forced convection, two-dimensional simulations
for flow past a horizontal cylinder were completed and used to calculate the heat flux as a
function ofazimuthal angle, which is represented as a solid line in the figure. For PeD = 0.88,
a significant deviation in heat flux at different borehole lengths is noticed compared to the
two-dimensional forced convection solution. Specifically for Y = -1 ,- 0 .6 ,-0 .2 , in the
downstream direction, 6 = 0, natural convection aides the forced convection and hence
an increase in heat flux is noted compared to forced convection results. As the boundary
layer develops, there is a decrease in the heat flux on the upstream side of the cylinder at
Y = -0 .6 , and -0 .2 , at 6 > 100°. However, for PeD = 8.8 as shown in Figure 16(b), the

121
heat flux at different lengths follows the forced convection solution with the exception at
Y = 0. A very small deviation at 6 = 0° and 6 = 180° is attributed to the natural convective
flow aiding the imposed flow at 6 = 0° and opposing it at 6 = 180°.
While the noted analytical solutions for both pure natural convection and pure forced
convection provide lower and upper limits for the heat transfer, the heat transfer behavior
between these limits is clearly also important from an engineering standpoint. We therefore
seek a Nu correlation, suitably parameterized, which encompasses the mixed convection
regime, with appropriate asymptotes to natural and forced convection.
Previously cited as Eq. (19), the ratio of cylindrical to flat plate total heat transfer
rate for pure natural convection in saturated porous medium is given by,
hm r
= 0.157eL + 1 = = ^
Qn,p
nh n,p
Qn,c

(22)

At identical driving temperature difference and surface area, the heat transfer ratio is equal
to the ratio of area-average heat transfer coefficients.

Since, for the vertical flat plate,

Nun,p = 0.888VRaL, then,
hn,cLb
km

(0.157eL + 1) (0.888V ^oT) .

(23)

Thus, if the area-average Nusselt number is scaled with borehole diameter,
.TT,
hn,cD
0 .8 8 8 V ^ Z
( N ud )n,c = —---- = (0.157eL + 1)
(L b/ D )
kn

(24)

(NUD )n,c = 0.888
C ^R a p

(25)

and

where
(0.157 eL + 1)
(Lb ID )

(26)
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(a)

(b)

Figure 17. Natural convection-limit Nusselt number versus (L b /D ) a/PeD/R aL, for three
dimensional mixed convection showing transition from natural to forced convection, all for
steady-state conditions. For reference, each subplot shows the analytical forced convection
limit, F C , and the natural convection limit, N C . The solid line in the figure represents the
proposed correlation, Eq.(28).

in the pure natural convection limit for a cylinder. The earlier non-dimensionalization
of the governing equations identified PeD, L b /D and RaL as the principal dimensionless
parameters. Selecting (Lb /D ) a/P eD/R aL to parameterize the departure from pure natural
convection, the N u ^ computed from the three-dimensional mixed convection cases are
shown in Figure 17.

The F C annotation represents the forced convection asymptote,

which is plotted using N ud =1.015VP? d , according to Kimura [1989]. The N C annotation
represents the natural convection asymptote, given by Eq.(25). A reduced scale, shown
in Figure 17(b), captures the mixed convection region even more clearly.

Taking 5%

as the acceptable deviation limit, the curve shows that for (L b /D ) a/P eD/R aL > 2.9, the
results asymptote to forced convection, while for (L b /D ) a/P eD/R aL < 1.4, they asymptote
to natural convection. Between this, in the mixed convection regime, the heat transfer
deviates approximately 24% from both natural convection and forced convection asymptote
at (L b /D ) a/P eD/R aL = 2. The dimensionless group (Lb /D ) a/P eD/R aL appears to capture
the limits of mixed convection quite well and would therefore seem likely to be a crucial
parameter in the characterization of convection for geothermal heat exchangers.
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The obvious extension of these results is to develop a common correlation to estimate
the heat transfer across all the three regimes, forced, natural and mixed convection. Hence,
to start with, a power law relation was established considering both the lower and the upper
limit of mixed convection,
N up
C

a\ - a2
0.888a° + ( 0 .4 5

(27)

S

D
d V

where a0, a 1, a2 represent constants to be fitted. This expression contains, as the first term
on the right hand side of the equation, the natural convection limit and, in the second term,
the modified form of the forced convection limit. This proposed dependency was selected
using the increasing dependence method identified by Churchill and Usagi [1972]. This
proposed relationship in then used with an optimization algorithm to identify values for the
three at constants such that the error between the correlation and the numerical results are
less than 5%. The resulting correlation simplifies to

N up

, 4 .3't0.234
0.624 + 0.032

C VRaL

Lb I Pep
~ D y ~Rol

(28)

and was plotted as a solid line in the Figure 17. This correlation quantitatively bridges
the gap between the natural and forced convection limit and captures the mixed convection
transition from natural to forced convection.

4. SUMMARY AND CONCLUSIONS

In the present work, both natural convection and mixed convection heat transfer
aspects were investigated for the vertical borehole heat exchangers (BHEs) common to
many geothermal heat pump (GHP) systems. The borehole heat exchanger is a vertical
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cylinder formed by the embedding of a U-shaped pipe in a grout filled vertical bore. The
conventional design method for the BHEs is based upon thermal transfer in the ground
purely by diffusion (conduction).
In the first section of this paper, the effect of the adiabatic ground surface on the
convective heat transfer from the constant temperature borehole to the fluid-saturated soil
was computed for natural convection conditions.

This formulation depends only upon

Rayleigh number, R a l , where the length-scale is the borehole heat exchanger length. The
results indicated that, in the absence of groundwater flow and for RaL < 2000, the thermal
transfer is diffusion-controlled and any convective effects are of minor significance. Any
further increase in RaL, however shows the heat transfer increasingly dominated by buoyancy
forces. The diffusion-controlled heat transfer deviates from natural convective heat transfer
due to buoyancy forces by just 5% for a Rayleigh number of 2000 but grows to almost
95% for RaL = 106. The presence of the adiabatic ground surface, where the the borehole
heat exchanger first meets the ground, causes significant deviation of the heat transfer from
self-similar solutions. The effects becoming increasingly prominent for 2000 < RaL < 106.
For instance, the length-averaged heat flux predicted by the elliptic multi-dimensional
simulations deviate from the boundary layer solutions by 20% for RaL = 104. However,
at RaL = 106, heat transfer deviates by just 4% from boundary layer solutions as the
turning required by the ground surface is confined to an ever smaller region and becomes
increasingly inconsequential to the length-averaged heat transfer.
Since the adiabatic ground surface changes the primary natural convection flow
from a vertically-oriented to a horizontally-oriented direction, any groundwater flow due to
hydraulic gradients introduces a competing effect between natural and forced convection.
Three dimensional simulations with an imposed groundwater velocity normal to the vertical
borehole axis were performed to study this competing effect. The results show that the
dimensionless parameters PeD, RaL, and L b /D , grouped as (L b /D ) a/P eD/R aL, appear
to provide a suitable parameterization across the mixed convection regime. The results
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indicate that for (L b /D ) a/P eD/R aL < 1.4, the convective heat transfer asymptotes to natural
behavior and for (L b /D ) a/P eD/R aL > 2.9, the convective transfer asymptotes to forced
convection. A correlation for the Nusselt number capturing the behavior as it crosses from
natural to forced convection was developed that allows for quantitative determination for
the Nusselt number, NuD.

REFERENCES

Administration, U. S. E. I., Annual Energy Review, U.S. Department of Energy: Washington,
DC, 2014.
ASHRAE, ‘Geothermal energy,’ in ‘ASHRAE- handbook applications,’ ASHRAE, 2015.
Beljin, M., Ross, R. R., and Acree, S. D., ‘3pe: A tool for estimating groundwater
flow vectors,’ United States Environmental Protection Agency, Washington, DC,
EPA/600/R-14/273, September 2014.
Bennet, J., Claesson, J., and Hellstrom, G., ‘Multipole method to compute the conductive
heat flows two and between pipes in a composite cylinder,’ Notes on Heat Transfer,
1987, 3 .
Bergman, L. and Lavine, S., Fundamentals o f Heat and Mass Transfer, Wiley, 2007.
Bose, J., Closed Loop Ground-coupled Heat Pump Design Manual, Oklahoma State Uni
versity, Engineering Technology Extension, 1984.
Burns, P. J., Chow, L., and Tien, L., ‘Convection in a vertical slot filled with porous
insulation,’ International Journal of Heat and Mass Transfer, 1977, 20, pp. 919-926.
Carslaw, H. and Jaeger, J., Conduction o f heat in solids, Oxford, 1947.
Cesini, G., Paroncini, M., Cortella, G., and Manzan, M., ‘Natural convection from a
horizontal cylinder in a rectangular cavity,’ International Journal of Heat and Mass
Transfer, 1999, 42, pp. 1801-1811.
Chang, I. and Cheng, P., ‘Matched asymptotic expansions for free convection about an
impermeable horizontal surface in a porous medium,’ International Journal of Heat
and Mass Transfer, 1983, 26, pp. 163-174.
Chen, S., Gong, W., and Yan, Y., ‘Conjugate natural convection heat transfer in an openended squarecavity partially filled with porous media,’ International Journal of Heat
and Mass Transfer, 2 0 1 8 ,124, pp. 368-380.

126
Cheng, P., ‘Mixed convection about a horizontal cylinder and a sphere in a fluid-saturated
porous medium,’ International Journal of Heat and Mass Transfer, January 1982,
25(8), pp. 1245-1247.
Cheng, P. and Pop, ‘Transient free convection about a vertical flat plate embedded in a
porous medium,’ International Journal of Engineering Science, 1984, 22(3), pp.
253-264.
Chiasson, A. D., Rees, S. J., and Spitler, J. D., ‘A preliminary assessment of the effects
of groundwater flow on closed-loop ground-source heat pump systems,’ ASHRAE
Transactions, 2 0 0 0 ,106, pp. 380-393.
Churchill, S. and Usagi, R., ‘A general expression for the correlation of rates of transfer and
other phenomena,’ AIChE Journal, November 1972,18(6), pp. 1121-1128.
Cimmino, M. and Bernier, M., ‘A semi-analytical method to generate g-functions for
geothermal borefields,’ International Journal of Heat and Mass Transfer, 2014, 70,
pp. 641-650.
Crank, J., The Mathematics o f Diffusion, Oxford Univeristy Press, 1975.
Diao, N., Li, Q., and Fang, Z., ‘Heat transfer in ground heat exchangers with groundwater
advection,’ International Journal of Thermal Sciences, 2004, 43, pp. 1203-1211.
Elder, J., ‘Steady free convection in a porous medum heated from below,’ Journal of Fluid
Mechanics, 1967, 27(1), pp. 29-48.
Eskilson, P. and Claesson, J., ‘Simulation model for thermal interacting heat extraction
boreholes,’ Numerical Heat Transfer, 1988,13, pp. 149-165.
Freeze, R. A. and Cherry, A. J., Groundwater, Prentice-Hall, 1979.
Heath, R. C., Basic ground-water hydrology: U.S. Geological Survey Water-Supply Paper
2220, 8 6 p., 1983.
Hellstrom, G., Ground heat storage. Thermal analysis o f duct storage Systems. Theory I,
Ph.D. thesis, University of Lund, 1991.
Hopkins, P. L., Performance o f a Vertical Heat Pump Ground-Coupling Device, Master’s
thesis, Oklahoma State University, 1983.
Hu, X., Banks, J., Wu, L., and Liu, W. V., ‘Numerical modeling of a coaxial borehole heat
exchanger to exploit geothermal energy from abandoned petroleum wells in hinton,
alberta,’ Renewable Energy, 2 0 2 0 ,148, pp. 1110-1123.
Ingersoll, L., Zobel, O., and Ingersoll, A., Heat conduction with engineering geological
and other applications, McGraw-Hill, 1954.
Ingersoll, R. and Plass, H., ‘Theory of the ground pipe heat source for the heat pump,’
Heating Piping and Air Conditioning, July 1948, 20, pp. 119-122.

127
Javed, S. and Claesson, J., ‘New analytical and numerical solutions for the short-term
analysis of vertical ground heat exchangers,’ ASHRAE Transactions, 2 0 1 1 ,117 (1),
pp. 3-12.
Javed, S. and Spitler, J., ‘Accuracy of borehole thermal resistance calculations for grouted
u-tube ground heat exchangers,’ Applied Energy, 2 0 1 6 ,187, pp. 790-806.
Kavanaugh, S., Simulation and Experimental verification o f vertical ground-coupled heat
pump systems, Ph.D. thesis, Oklahoma State University, 1985.
Kavanaugh, S. P. and Allan, M. L., ‘Testing of thermally enhanced cement ground heat
exchanger grouts,’ ASHRAE Transactions, 1999,105, p. 446.
Khanafer, K. and Chamkha, A., ‘Mixed convection flow in a lid-driven enclosure filled with
a fluid-saturated porous medium,’ International Journal of Heat and Mass Transfer,
1999, 42, pp. 2465-2481.
Kim, S. and Vafai, K., ‘Analysis of natural convection about a vertical plate embedded in a
porous medium,’ International Journal of Heat and Mass Transfer, 1989, 32(4), pp.
665-677.
Kimura, S., ‘Transient forced convection heat transfer from a circular cylinder in a saturated
porous medium,’ International Journal of Heat and Mass Transfer, 1989, 32(1), pp.
192-195.
Lamarche, L., ‘Short-time analysis of vertical boreholes, new analytic solutions and choice
of equivalent radius,’ International Journal of Heat and Mass Transfer, 2015,91, pp.
800-807.
Lamarche, L., ‘g-function generation using a piecewise-linear profile applied to ground
heat exchangers,’ International Journal of Heat and Mass Transfer, 2017, 115, pp.
354-360.
Lamarche, L. and Beauchamp, B., ‘New solutions for the short-time analysis of geothermal
vertical boreholes,’ International Journal of Heat and Mass Transfer, 2007, 50, pp.
1408-1419.
Lamarche, L., Kajl, S., and Beauchamp, B., ‘A review of methods to evaluate borehole
thermal resistances in geothermal heat-pump systems,’ Geothermics, 2010, 39, pp.
187-200.
Liao, Q., Zhou, C., Cui, W., and Jen, T., ‘New correlation for thermal resistance of vertical
single u-tube ground heat exchanger,’ Journal of Thermal Science and Engineering
Applications, 2012, 4/031010-7.
Lund, J. W., ‘Geothermal heat pumps-trends and comparisons,’ Technical report, Geo-Heat
center, 1989.

128
Lund, J. W., ‘Direct-use of geothermal energy in the u.s.’ Applied Energy, 2003, 74, pp.
33-42.
Lund, J. W. and Boyd, T. L., ‘Direct utilization of geothermal energy,’ Geothermics, 2016,
60, pp. 66-93.
Mei, V. and Baxter, V., ‘Performance of the ground-coupled heat pump of a multiple
dissimilar u-tube coils in series,’ Ashrae Transactions, 1986, 92, pp. 22-25.
Minkowycz, W. and Cheng, P., ‘Free convection about a vertical cylinder embedded in a
porous medium,’ International Journal of Heat and Mass Transfer, January 1976,
19, pp. 805-813.
Minkowycz, W. and Cheng, P., ‘Free convection about a vertical flat plate embedded in a
porous medium with application to heat transfer from a dike,’ Journal of Geophysical
Research, 1977, 82, pp. 2040-2044.
Nield, D. and Bejan, A., Convection in Porous Media, Springer, 1992.
Nobrega, M. J. and Jasak, H., OpenFOAM, Springer, 2019.
Pan, A., Lu, L., Cui, P., and Jia, L., ‘A new analytical heat transfer model for deep borehole
heat exchangers with coaxial tubes,’ International Journal of Heat and Mass Transfer,
2 0 1 9 ,141, pp. 1056-1065.
Paul, N. D., The effect o f grout thermal conductivity on vertical geothermal heat exchanger
design and performance, Master’s thesis, South Dakota State University, 1996.
Prats, M., ‘The effect of horizontal fluid flow on thermally induced convection currents in
porous mediums,’ Journal of Geophysical Research, 1966, 71(20), pp. 4835-4838.
Renaud, T., Verdin, P., and Falcone, G., ‘Numerical simulation of a deep borehole heat
exchanger in the krafla geothermal system,’ International Journal of Heat and Mass
Transfer, 2 0 1 9 ,143:118496.
Sarbu, I. and Sebarchievici, C., ‘General review of ground-source heat pump systems for
heating and cooling of buildings,’ Energy and Buildings, 2014, 70, pp. 441- 454.
Self, S. J., Reddy, B. V., and Rosen, M. A., ‘Geothermal heat pump systems: Status
review and comparison with other heating options,’ Applied Energy, 2 0 1 3 ,101, pp.
341-348.
Serfes, M. E., ‘Determining the mean hydraulic gradient of ground water affected by tidal
fluctuations,’ Groundwater, 1991, 29(4), pp. 549-555.
Shanker, G. R. and Homan, K. O., ‘The crucial role of borehole thermal mass in geothermal
heat exchangers,’ will be submitted to International Journal of Heat and Mass
Transfer, 2021.

129
Sharqawy, M. H., Mokheimerb, E. M., and Badr, H. M., ‘Effective pipe-to-borehole thermal
resistance for vertical ground heat exchangers,’ Geothermics, 2009,38, pp. 271-277.
Spitler, J., ‘Glhepro-a design tool for commercial building ground loop heat exchanger,’ in
‘Proceedings of the 4th International Conference on Heat Pumps in Cold Climates,’
August 2000 pp. 1-16.
Spitler, J. and Bernier, M., Vertical borehole ground heat exchanger design methods, 29-61,
Elsevier, 2016.
Sutton, G. M., Couvillion, R. J., Nutter, D. W., and Davis, R. K., ‘An algorithm for ap
proximating the performance of vertical bore heat exchangers installed in a stratified
geological regime,’ ASHRAE Transactions, 2 0 0 2 ,108, p. 177.
Swanson, J., Engineering Analysis System, Theoretical Manual (forANSYS Revision 8.04),
Swanson Analysis Systems, 1998.
Waheed, M., ‘Mixed convection heat transfer in rectangular enclosures driven by a contin
uously moving horizontal plate,’ International Journal of Heat and Mass Transfer,
2009, 52, pp. 5055-5063.
Wooding, R., ‘Steady state free thermal convection of liquid in a saturated permeable
medium,’ Journal of Fluid Mechanics, 1957, 2(3), pp. 273-285.
Xu, B., Zhang, H., and Chen, Z., ‘Study on heat transfer performance of geothermal pilefoundation heat exchanger with 3-u pipe configuration,’ International Journal of
Heat and Mass Transfer, 2 0 1 9 ,147:119020.
Xu, X. and Spitler, J. D., ‘Modeling of vertical ground loop heat exchangers with variable
convective resistance and thermal mass of the fluid,’ in ‘10th International Con
ference on Thermal Energy Storage, Ecostock, Ponoma NJ, The Richard Stockton
College of New Jersey,’ 2006 .
Yang, W., Chen, Y., Shi, M., and Spitler, J. D., ‘Numerical investigation on the underground
thermal imbalance of ground-coupled heat pump operated in cooling-dominated
district,’ Applied Thermal Engineering, 2013, 58, pp. 626-637.
Yavuzturk, C. and D.Spitler, J., ‘A short time step response factor model for vertical ground
loop heat exchangers,’ ASHRAE Transactions, 1999, (475).
Young, T. R., Development, verification and design analysis o f the borehole fluid thermal
mass model fo r approximating short term borehole thermal response, Master’s
thesis, Oklahoma State University, 2001.
Zeng, H., Diao, N., and Fang, Z., ‘Heat transfer analysis of boreholes in vertical ground
heat exchangers,’ International Journal of Heat and Mass Transfer, 2003, 46, pp.
4467-4481.

130
Zeng, H. Y., Diao, N. R., and Fang, Z. H., ‘A finite line-source model for boreholes in
geothermal heat exchangers,’ Heat Transfer - Asian Research, 2002, 31(7), pp.
558-567.

131
SECTION

3. SUMMARY AND RECOMMENDATIONS

3.1. SUMMARY
In this dissertation, thermal exchange processes central to the performance of
geothermal heat exchangers have been studied using numerical methods.

Geothermal

heat exchangers also termed borehole heat exchangers (BHE) are vertical cylinders made of
grout-filled boreholes with embedded hairpin piping that circulate fluid through the bore
hole interior. The fluid exchanges thermal energy with the ground as it moves down and
then up the legs of the U-shaped pipe. These heat exchangers use the earth as a heat source
or a sink. At present, these systems have a relatively high first cost but low maintenance
cost. Accurate performance prediction is therefore essential to proper sizing and acceptable
system first costs.
While past studies have taken simplified approaches to modeling the performance,
there remain multiple aspects of these simplified models, which do not accurately represent
the actual performance of the BHE systems. In this dissertation, three specific, and centrally
important aspects were investigated. In the first portion, the thermal mass of the borehole
and shankspacing was investigated to determine the borehole heat exchanger performance.
In the second portion, the heat loss incurred due to thermal short-circuiting between the
pipes was considered and novel approaches to reducing these losses was presented. Finally,
the convective heat transfer between the borehole and ground was investigated, treating the
ground as a fluid-saturated porous medium.
In our first manuscript, the significance of the thermal mass of the borehole and
shank-space with respect to two-pipe geometry was investigated. Doing so, the inlet leg
of the two-pipe is treated as a heat source and the ground is treated as a heat sink. The
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outlet leg is taken to be adiabatic to neglect any thermal short-circuiting between the pipes.
Three time periods, (borehole dominant period, ground dominant period and transition
period) were identified to assess the influence of the thermal mass and shank-space on the
heat transfer. The results indicated that the borehole dominant time period, characterized
by heat transfer in borehole alone, was significantly influenced by borehole properties and
that this time period could be approximately quantified using the one-dimensional thermal
penetration depth equation. The results also indicated that within the borehole dominant
time period, the thermal performance of the heat exchanger improved when the thermal
mass of the borehole is relatively higher than that of the ground and with pipes placed
closed to the centre. For instance, increasing the thermal mass of the borehole five times
to that of the ground and reducing the shank-space by 60%, the amount of energy transfer
increased to almost 15 times to that of the conventional properties in the borehole dominant
period. Later in time, at the beginning of the ground dominant period, the borehole attains
a quasi-steady state and the results indicated that the time period to reach quasi-steady is
greatly influenced by the borehole properties. However, the importance of borehole thermal
mass and shank-space diminishes as this quasi-steady time is reached. Correlations were
developed to estimate the time to quasi-steady behavior for a range of thermal properties.
The results also indicated that, the beginning of the transition period, characterized by the
significant unsteadiness in both the borehole and the ground, depended upon the thermal
mass of the borehole and the shank-space.
Although improving the thermal mass of the borehole relative to the ground, in
creases the thermal performance of the heat exchanger, it also allows for an increase in heat
losses to the outlet leg of the hairpin piping. Hence this was investigated in our second
paper. With inlet leg acting as a heat source and the outlet leg and ground acting as a heat
sink, the heat losses between the pipes were investigated using numerical methods. The
results showed that, for conventional properties, 35% of thermal energy is lost to the outlet
leg. However, for the borehole properties deemed favorable in our first paper, the energy
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transfer due to thermal-short circuiting increases. Therefore, solutions such as placing a
thermal barrier in between the pipes were considered. With a simple central barrier in place,
the heat losses to the outlet leg were reduced, but the overall conductance also decreased as
the barrier reduced access to utilize the borehole thermal area near the outlet leg. This led
to consideration of a change in barrier placement. A novel, inverse L-shaped barrier was
identified as a simple means to mitigate the undesirable consequences. The results indicated
that, the overall conductance increased by 50% and the heat losses were reduced to just
under 20%. Hence, this inverse L-shaped configuration provides a promising solution to
reduce the thermal short-circuiting while retaining the desirable thermal mass effects.
In the third paper, the influence of heat transfer between borehole surface and the
ground was investigated, with ground treated as a porous medium. The adiabatic ground
surface, where the borehole first meet the ground, is expected to influence the heat transfer
process and hence this was investigated. This problem formulation resulted in R a l as the
only dependent parameter, where the length scale is the borehole heat exchanger length. The
results indicated that for RaL < 2000, the heat transfer is diffusion-controlled with minor
convection effect. However, for RaL > 2000 the thermal energy transfer was dominated by
natural convection and the flow showed a turning effect in a fraction of the borehole length
near the ground surface. Due to this turning effect the heat transfer showed a strong deviation
from self similar solutions, for the range 2000 < RaL < 106. However, for RaL > 106, this
deviation reduces to just 4% as the turning of the flow due to the adiabatic ground surface is
confined to a smaller region. The turning of the flow due to the adiabatic ground surface and
the existence of groundwater flow due to hydraulic gradients could introduce a competing
effect. To investigate the influence of heat transfer due to this competing effect, three
dimensional simulations were performed with groundwater velocity imposed normal to the
borehole axis. The results indicated that the non-dimensional parameters PeD, L b /D and
RaL grouped as L b /D sjPeD/R aL seem to characterize the entire mixed convection regime.
The results indicated that for Lb/D ^JPeD/R aL < 1.4, the convective heat transfer asymptote
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to natural convection, and for

/D sJPeD/R a L > 2.9, the heat transfer asymptote to forced

convection. A correlation based on Nusselt number, NuD, was also developed to capture
the mixed convection domain quantitatively.

3.2.

RECOMMENDATIONS FOR FUTURE RESEARCH
The research that has been undertaken for this dissertation has highlighted the

following topics on which further research would be beneficial,
1. Evaluating the borehole heat exchanger performance by accounting for the convective
resistance between the fluid and the U-tube pipes using a three-dimensional geometry,
2. Evaluating the heat losses due to short-circuiting taking convection resistance into
consideration and the effect of thermal barrier placed between the pipes,
3. Effect of short time transients on convective heat transfer between borehole and
ground,
4. Effect of non-equilibrium ground water and soil temperature on convective heat
transfer in borehole heat exchangers,
5. Effect of ground surface radiation on convective heat transfer in borehole heat ex
changers
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